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PREFACE

Applied Biostatistics for the Health Sciences is intended for use in an introductory bio-
statistics class for undergraduates in the health sciences including students studying
premedicine, nursing, pharmacy, bioinformatics, healthcare informatics, biochemistry, and
applied health sciences. This textbook is also appropriate for a first course in statistics for
medical students or graduate students in public health. In fact, this book was written for
introducing students to biostatistics as well as for preparing students for the material cov-
ered in upper division applied statistics courses. The only prerequisite for a course taught
from this textbook is a typical course in high school algebra II or college algebra.

TOPIC COVERAGE

The topics chosen for this book were chosen for pedagogical reasons and have been tried,
tested, and adjusted over the past 40 years of teaching introductory courses in statis-
tics. Throughout Applied Biostatistics for the Health Sciences, the primary emphasis is
placed on the correct usage, interpretation, and the conceptual ideas associated with each
biostatistical method that is discussed.

The textbook is organized in two parts with Chapters 1-7 covering the basic infer-
ential biostatistical methods used to describe sample data arising in a biomedical or
health-related study. Chapters 8—13 cover several modeling approaches that are commonly
used with biomedical and healthcare data. In particular, the following topics are presented
in this textbook.

Chapter 1: Introduction to Biostatistics. Chapter 1 provides an introduction to the
ideas and basic terminology of biostatistics as well as the commonly used research
protocols. Experiments are contrasted with observational studies and clinical trials
are also discussed in Chapter 1. A description of the data sets used in several of
the examples and exercises is given at the end of Chapter 1.

Chapter 2: Describing Populations. Chapter 2 introduces variables, populations,
population parameters, probability, and the binomial and normal probability mod-
els. Several biomedical parameters are introduced in Chapter 2 including the
prevalence of a disease, the specificity and sensitivity of a diagnostic test, and
the relative risk associated with a disease and risk factor.

Chapter 3: Random Sampling. The basic ideas associated with random sampling are
discussed in Chapter 3. In particular, the simple random sampling, stratified ran-
dom sampling, random cluster sampling, and systematic random sampling plans
are discussed including the determination of the appropriate sample size for esti-
mating a mean or proportion with a prespecified bound on the error of estimation.
The formulas for determining the overall sample size and its allocation for a strat-
ified random sample may be considered as an optional topic and covered as time
permits.

Xi
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Chapter 4: Summarizing Random Samples. Several important graphical and numer-
ical summary statistics for qualitative and quantitative variables are presented. In
particular, along with the standard point estimators of the measures of location
and dispersion, point estimators for estimating the prevalence of a disease, the
sensitivity and specificity of a diagnostic test, the relative risk, and the coefficient
of variation are presented in Chapter 4. The plug-in rule for estimating parameters
is also included in this chapter.

Chapter 5: Measuring the Reliability of Statistics. The sampling distribution of an
estimator is discussed in Chapter 5 with emphasis on evaluating the reliability
of a point estimator. The topics discussed in Chapter 5 include properties of point
estimators including the bias, standard error, bound on the error of estimation, and
mean squared error associated with a point estimator. The Central Limit Theorem
for the sample proportion and sample mean, the ¢ distribution, and bootstrapping
the sampling distribution of a point estimator are discussed in this chapter. The
section on bootstrapping can be considered optional material to be covered if time
permits.

Chapter 6: Confidence Intervals. Confidence intervals for a single proportion, a sin-
gle mean, the difference of two proportions, the difference of two means, and
the relative risk are presented in Chapter 6. Formulas for determining the sam-
ple size required for a prespecified margin of error are included for estimating a
proportion, mean, and the difference between two proportions. Bootstrap confi-
dence intervals are also discussed in this chapter and can be considered optional
material.

Chapter 7: Testing Statistical Hypotheses. Chapter 7 includes a general discussion of
hypothesis testing and significance testing that is followed by the hypothesis tests
for testing hypotheses about a single proportion, ¢ tests for a single mean, paired ¢-
tests, and the two-sample ¢-test. Formulas for determining the approximate sample
size required for a test having a prespecified size and power are also presented for
each testing procedure.

Chapter 8: Simple Linear Regression. Chapter 8 is the first chapter in a series of
chapters on modeling a response variable. The topics covered in Chapter 8 include
analyzing scatterplots, correlation, the simple linear regression model, fitting and
assessing the fit of a simple linear regression model, and statistical inferences
drawn from a fitted model.

Chapter 9: Multiple Regression. Chapter 9 extends and broadens the methods dis-
cussed in Chapter 8 to multiple regression models. The multiple regression topics
that are discussed in Chapter 9 include linear and nonlinear models, fitting and
assessing the fit of a multiple regression model, drawing inferences from a fit-
ted model, comparing nested regression models, dummy variable models, and
variable selection procedures.

Chapter 10: Logistic Regression. Because building a logistic regression model is
similar to building a linear regression model, the discussion of logistic regression
follows immediately after the two chapters on linear regression. Topics discussed
in Chapter 10 include the odds of an event, the odds ratio, logistic regression mod-
els, fitting and assessing the fit of a logistic regression model, drawing inferences
from a logistic regression model, and variable selection.

Chapter 11: Design of Experiments. Chapter 11 provides an introduction to design-
ing an experiment and precedes the typical chapter on analysis of variance.



PREFACE  Xiii

Topics covered in Chapter 11 include a discussion of experiments and observa-
tional studies, the completely randomized and randomized block designs, factorial
experiments, and linear models for designed experiments.

Chapter 12: Analysis of Variance. Chapter 12 is the traditional chapter on analy-
sis of variance. In Chapter 12, analysis of variance is discussed for single factor,
randomized block, and factorial studies including discussions of the F-tests, the
Bonferroni method of separating means, and methods for determining the number
of replications needed for a study.

Chapter 13: Survival Analysis. Chapter 13 introduces methods for analyzing survival
data. In particular, survival data, survivor functions, censoring, the Kaplan—
Meier nonparametric estimator, the log-rank test, Cox’s proportional hazards
semiparametric estimator, and logistic regression for survival data are discussed.

This book was intended neither to cover all of the methods used in the statistical
analysis of biomedical and healthcare data nor to be used as cookbook with recipes for
several different statistical analyses. The primary emphasis of this book is to introduce
students to the basic ideas of biostatistics and modeling approaches used in biostatistics.

It is also my experience that the order of presentation is appropriate for the nurture
and development of the student’s confidence and statistical maturity. I also believe that
the statistical methods and ideas presented in Applied Biostatistics for the Health Sciences
will provide a student with the necessary statistical tools required to succeed in advanced
statistics courses such as linear or logistic regression, design and analysis of experimental
data, multivariate statistics, analysis of microarray data, and survival analysis.

SPECIAL FEATURES

The special features of this book include the following:

e The importance of using/designing well-designed sampling plans is heavily empha-
sized throughout this text.

e Concepts are emphasized over computational formulas throughout this text.

e Several topics that are not usually covered in a first course in biostatistics are included
in Applied Biostatistics for the Health Sciences, such as bootstrapping, sampling,
sample size computations for two-sample confidence intervals and hypothesis tests,
design of experiments, and survival analysis.

e A large number of the examples are based on real-life studies published in biomedical
and healthcare journals.

e Bivariate data and bivariate analyses are presented early in the text. In particular,
correlation, simple linear regression, and contingency tables are all introduced in
Chapter 4.

e Logistic regression follows immediately after a discussion of linear regression, which
seems natural.

e References are given to difficult problems that often occur when building and
assessing a statistical model.

I have written this textbook with the expectation that access to a statistical computing
package will be available to the students, and thus, the emphasis of this text is placed on
the correct use, interpretation, and drawing statistical inferences from the output provided
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by a statistical computing package rather than the computational aspects required of the
statistical methodology. While MINITAB® was used to produce the plots and computer
output throughout the text, an introductory biostatistics course can be taught from Applied
Biostatistics for the Health Sciences using any of the commonly used statistical computing
packages, SAS, STATA, and SPSS or open source software such as R. The vast majority of
the exercises do not depend on the particular statistical computing package being used, and
in fact, many of the exercises do not require a statistical computing package at all. I have
also created several Microsoft® Office Excel® worksheets for Applied Biostatistics for
the Health Sciences that can be used for determining sample sizes, computing confidence
intervals, and computing test statistics and p-values that are available on the book’s website.

PEDAGOGICAL FEATURES

The key pedagogical features of Applied Biostatistics for the Health Sciences include the
following:

e The important formulas, procedures, and definitions are highlighted.

o There is a glossary at the end of each chapter containing the key terminology and
ideas introduced in the chapter.

e Wherever possible the subscripts were dropped from the variables to simplify the
notation used with many of the statistics.

o There are numerous worked out examples illustrating important concepts and proper
use of a statistical method.

e Real-life data are used wherever possible in the examples and exercises, and the
real-life data sets used throughout the book are available on the book’s website.

e Computer output is provided in many of the examples and exercises to minimize the
computational aspects of the statistical methods that have been used.

A large number of exercises have been included in each chapter, and the solutions
to most of the exercises have also been included at the end of this text. I believe that the
exercises accompanying this text do indeed cover a wide range of topics and levels of
difficulty; there are many questions that deal with the conceptual aspects of the material
discussed in each chapter that often lead to excellent classroom discussions. I believe that
the successful completion of these exercises will help the student understand the statistical
methods introduced in each chapter and gain the confidence necessary to be successful in
upper division applied statistics courses, which, of course, are the goals of this textbook.

TEACHING FROM THIS BOOK

In teaching a one-semester introductory biostatistics course from this textbook it is possible
to cover most of the Chapters 1-7; for a two-semester sequence most of the Chapters 1—
7 can be covered in the first semester, and Chapters 8-13 can be covered in the second
semester. While I have not taught a course from this book on the quarter system, I believe
that by carefully selecting the topics to be covered in a single quarter most of Chapters 1-7
can be covered; for a two-quarter sequence, most of the material in Chapters 1-7 could be
covered in the first quarter, with the remainder of the book covered in the second quarter.
However, there are many different ways to teach from this book, and I leave that to the
discretion and goals of the instructor.
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WEBSITE

A website associated with Applied Biostatistics for the Health Sciences can be found at
http://www.mtech.edu//clsps/math/Faculty %20Links/rossi_book.htm

This website contains several of the data sets used in the examples and exercises included
in Applied Biostatistics for the Health Sciences. The data sets are given in three formats,
namely, as MINITAB worksheets, Microsoft Office Excel files, and text files. The website
also contains several Microsoft Office Excel files that the students can use to simplify some
of the computational aspects associated with sample sizes, confidence intervals, and p-
values for Z and ¢-tests; these Microsoft Office Excel files are read only files that can be
downloaded as needed for use by the instructor and the students.

ACKNOWLEDGMENTS

I would like to thank the following statisticians who motivated me to write this book: Ray
Carroll, David Ruppert, Jay Devore, Roxy Peck, Fred Ramsey, Dan Schafer, and Chip Todd.
I would also like to thank Lloyd Gavin and H. Dan Brunk, two very inspirational advisors
from whom I learned so much, my editors Susanne Steitz-Filler, Kimberly Monroe-Hill,
and Christy Michael for their help and guidance, and my family and friends for their support
in this endeavor.

R. J. Rossi
Butte, Montana


http://www.mtech.edu//clsps/math/Faculty%20Links/rossi_book.htm




CHAPTER 1

INTRODUCTION TO BIOSTATISTICS

PRIO R TO the twentieth century, medical research was primarily based on trial
and error and empirical evidence. Diseases and the risk factors associated with a disease
were not well understood. Drugs and treatments for treating diseases were generally
untested. The rapid scientific breakthroughs and technological advances that took place in
the latter half of the twentieth century have provided the modern tools and methods that
are now being used in the study of the causes of diseases, the development and testing of
new drugs and treatments, and the study of human genetics and have been instrumental in
eradicating some infectious diseases.

Modern biomedical research is evidence-based research that relies on the scientific
method, and in many biomedical studies it is the scientific method that guides the
formulation of well-defined research hypotheses, the collection of data through
experiments and observation, and the honest analysis whether the observed data support
the research hypotheses. When the data in a biomedical study support a research
hypothesis, the research hypothesis becomes a theory; however, when data do not support
a research hypothesis, new hypotheses are generally developed and tested. Furthermore,
because statistics is the science of collecting, analyzing, and interpreting data, statistics
plays a very important role in medical research today. In fact, one of the fastest growing
areas of statistical research is the development of specialized data collection and analysis
methods for biomedical and healthcare data. The science of collecting, analyzing, and
interpreting biomedical and healthcare data is called biostatistics.

1.1 WHAT IS BIOSTATISTICS?

Biostatistics is the area of statistics that covers and provides the specialized methodol-
ogy for collecting and analyzing biomedical and healthcare data. In general, the purpose
of using biostatistics is to gather data that can be used to provide honest information
about unanswered biomedical questions. In particular, biostatistics is used to differentiate
between chance occurrences and possible causal associations, for identifying and esti-
mating the effects of risk factors, for identifying the causes or predispositions related to
diseases, for estimating the incidence and prevalence of diseases, for testing and evaluat-
ing the efficacy of new drugs or treatments, and for exploring and describing the well being
of the general public.

Applied Biostatistics for the Health Sciences, Second Edition. Richard J. Rossi.
© 2022 by John Wiley & Sons, Inc. Published 2022 by John Wiley & Sons, Inc.
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A biostatistician is a scientist trained in statistics who also works in disciplines related
to medical research and public health, who designs data collection procedures, analyzes
data, interprets data analyses, and helps summarize the results of the studies. Biostatis-
ticians may also develop and apply new statistical methodology required for analyzing
biomedical data. Generally, a biostatistician works with a team of medical researchers and
is responsible for designing the statistical protocol to be used in a study.

Biostatisticians commonly participate in research in the biomedical fields such as
epidemiology, toxicology, nutrition, and genetics, and also often work for pharmaceuti-
cal companies. In fact, biostatisticians are widely employed in government agencies such
as the National Institutes of Health (NIH), the Centers for Disease Control and Preven-
tion (CDC), the Food and Drug Administration (FDA), and the Environmental Protection
Agency (EPA). Biostatisticians are also employed by pharmaceutical companies, medi-
cal research units such as the MAYO Clinic and Fred Hutchison Cancer Research Center,
Sloan-Kettering Institute, and many research universities. Furthermore, some biostatisti-
cians serve on the editorial boards of medical journals and many serve as referees for
biomedical journal articles in an effort to ensure the quality and integrity of data-based
biomedical results that are published.

1.2 POPULATIONS, SAMPLES, AND STATISTICS

In every biomedical study there will be research questions to define the particular pop-
ulation that is being studied. The population that is being studied is called the rarget
population. The target population must be a well-defined population so that it is possible to
collect representative data that can be used to provide information about the answers to the
research questions. Finding the actual answer to a research question requires that the entire
target population be observed, which is usually impractical or impossible. Thus, because it
is generally impractical to observe the entire target population, biomedical researchers will
use only a subset of the population units in their research study. A subset of the population
is called a sample, and a sample may provide information about the answer to a research
question but cannot definitively answer the question itself. That is, complete information
on the target population is required to answer the research question, and because a sample
is only a subset of the target population, it can only provide information about the answer.
For this reason, statistics is often referred to as “the science of describing populations in
the presence of uncertainty.”

The first thing a biostatistician generally must do is to take the research question
and determine a particular set of characteristics of the target population that are related
to the research question being studied. A biostatistician then must determine the relevant
statistical questions about these population characteristics that will provide answers or the
best information about the research questions. A characteristic of the target population
that can be summarized numerically is called a parameter. For example, in a study of
the body mass index (BMI) of teenagers, the average BMI value for the target population
is a parameter, as is the percentage of teenagers having a BMI value less than 25. The
parameters of the target population are based on the information about the entire population,
and hence, their values will be unknown to the researcher.

To have a meaningful statistical analysis, a researcher must have well-defined
research questions, a well-defined target population, a well-designed sampling plan, and
an observed sample that is representative of the target population. When the sample is
representative of the target population, the resulting statistical analysis will provide use-
ful information about the research questions; however, when the observed sample is not



1.2 POPULATIONS, SAMPLES, AND STATISTICS 3

representative of the target population the resulting statistical analysis will often lead to
misleading or incorrect inferences being drawn about the target population, and hence,
about the research questions, also. Thus, one of the goals of a biostatistician is to obtain a
sample that is representative of the target population for estimating or testing the unknown
parameters.

Once a representative sample is obtained, any quantity computed from the informa-
tion in the sample and known values is called statistic. Thus, because any estimate of the
unknown parameters will be based only on the information in the sample, the estimates
are also statistics. Statements made by extrapolating from the sample information (i.e.,
statistics) about the parameters of the population are called statistical inferences, and good
statistical inferences will be based on sound statistical and scientific reasoning. Thus, the
statistical methods used by a biostatistician for making inferences need to be based on
sound statistical and scientific reasoning. Furthermore, statistical inferences are meaning-
ful only when they are based on data that are truly representative of the target population.
Statistics that are computed from a sample are often used for estimating the unknown val-
ues of the parameters of interest, for testing claims about the unknown parameters, and for
modeling the unknown parameters.

1.2.1 The Basic Biostatistical Terminology

In developing the statistical protocol to be used in a research study, biostatisticians use the
basic terminology listed below.

e The target population is the population that is being studied in the research project.

o The units of a target population are the objects on which the measurements will be
taken. When the units of the population are human beings, they are referred to as
subjects or individuals.

o A subpopulation of the target population is a well-defined subset of the population
units.

o A parameter is a numerical measure of a characteristic of the target population.

o A sample is a subset of the target population units. A census is sample consisting of
the entire set of population units.

e The sample size is the number of units observed in the sample.
o A random sample is a sample that is chosen according to a sampling plan where the

probability of each possible sample that can be drawn from the target population is
known.

e A statistic is any value that is computed using only the sample observations and
known values.

e A cohort is a group of subjects having similar characteristics.
e Avariable is a characteristic that will be recorded or measured on a unit in the target
population.

o A response variable or outcome variable is the variable in a research study that is of
primary interest or the variable that is being modeled. The response variable is also
sometimes called the dependent variable.

e An explanatory variable is a variable that is used to explain or is believed to
cause changes in the response variable. The explanatory variables are also called
independent variables or predictor variables.
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e A treatment is any experimental condition that is applied to the units.
e A placebo is an inert or inactive treatment that is applied to the units.

o A statistical inference is an estimate, conclusion, or generalization made about the
target population from the information contained in an observed sample.

e A statistical model is a mathematical formula that relates the response variable to the
explanatory variables.

One of the most misunderstood and abused concepts in statistics is the difference
between a parameter and a statistic, and researchers who do not have a basic understanding
of statistics often use these terms interchangeably, which is incorrect. Whether a number is
a parameter or a statistic is determined by asking whether or not the number was computed
from the entire set of units in the target population (parameter) or from a sample of the
units in the target population (statistic). It is important to distinguish whether a number is a
parameter or a statistic because a parameter will provide the answer to a statistical research
question, while a statistic can provide information only regarding the answer, and there is
a degree of uncertainty associated with the information contained in a statistic.

Example 1.1

In a study designed to determine the percentage of obese adults in the United States, the BMI of
500 adults was measured at several hospitals across the country. The resulting percentage of the 500
adults classified as obese was 24%.

In this study, the target population was adults in the United States, 500 adults constitute a
sample of the adults in the United States, the parameter of interest is the percentage of obese adults
in the United States, and 24% is a statistic since it was computed from the sample, not the target
population.

In designing a biomedical research study, the statistical protocol used in the study
is usually determined by the research team in conjunction with the biostatistician. The
statistical protocol should include the identification of the target population, the units in
the population, the response variable and explanatory variables, the parameters of interest,
the treatments or subpopulations being studied, the sample size, and models that will be fit
to the observed data.

Example 1.2

In a study investigating the average survival time for stage IV melanoma patients receiving two differ-
ent doses of interferon, n = 150 patients will be monitored. The age, sex, race, and tumor thickness
of each patient will be recorded along with the time they survived after being diagnosed with stage
IV melanoma. For this study, determine the following components of the statistical protocol:

. the target population,

. the units of target population,

. the response variable,

. the explanatory variables,

. the parameter of interest,

-0 & 0 T O

. the treatments,
g. the sample size.
Solutions

a. The target population in this study is individuals diagnosed with stage IV melanoma.
b. Units of the target population are the individuals diagnosed with stage IV melanoma.

c. The response variable in this study is the survival time after diagnosis with stage IV melanoma.
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d. Explanatory variables in this study are age, sex, race, and tumor thickness.

e. The parameter of interest in this study is the average survival time after diagnosis with stage
IV melanoma.

f. Treatments are the two different doses of interferon.

g. The sample size is n = 150.

1.2.2 Biomedical Studies

There are many different research protocols that are used in biomedical studies. Some pro-
tocols are forward looking studying what will happen in the future, some look at what has
already occurred, and some are based on a cohort of subjects having similar characteristics.
For example, the Framingham Heart Study is a large study conducted by the National Heart,
Lung, and Blood Institute (NHLBI) that began in 1948 and continues today. The original
goal of the Framingham Heart Study was to study the general causes of heart disease and
stroke, and the three cohorts that have or are currently being studied in the Framingham
Heart Study are as follows.

1. the original cohort that consists of a group of 5209 men and women between the ages
of 30 and 62 recruited from Framingham, Massachusetts.

2. The second cohort, called the Offspring Cohort, consists of 5124 of the original
participants’ adult children and their spouses.

3. the third cohort that consists of children of the Offspring Cohort. The third cohort is
recruited with a planned target study size of 3500 grandchildren from members of
the original cohort.

Two other large ongoing biomedical studies are the Women’s Health Initiative (WHI),
which is a research study focusing on the health of women, and the National Health and
Nutrition Examination Survey (NHANES), which is designed to assess the health and
nutritional status of adults and children in the United States.

Several of the commonly used biomedical research protocols are described below.

o A cohort study is a research study carried out on a cohort of subjects. Cohort studies
often involve studying the patients over a specified time period.

o A prospective study is a research study where the subjects are enrolled in the study
and then followed forward over a period of time. In a prospective study, the outcome
of interest has not yet occurred when the subjects are enrolled in the study.

e A retrospective study is a research study that looks backward in time. In a retro-
spective study, the outcome of interest has already occurred when the subjects are
enrolled in the study.

e A case—control study is a research study in which subjects having a certain disease
(cases) are compared with subjects who do not have the disease (controls).

o A longitudinal study is a research study where the same subjects are observed over
an extended period of time.

o A cross-sectional study is a study to investigate the relationship between a response
variable and the explanatory variables in a target population at a particular point in
time.

e A blinded study is a research study where the subjects in the study are not told which
treatment they are receiving. A research study is a double-blind study when neither
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the subject nor the staff administering the treatment know which treatment a subject
is receiving.

e A clinical trial is a research study performed on humans and designed to evaluate a
new treatment or drug or to investigate a specific health condition.

e A randomized controlled study is a research study in which the subjects are randomly
assigned to the treatments with one of the treatments being a control treatment; a
control treatment may be a standard treatment, a placebo, or no treatment at all.

It is important to note that a research study may actually involve more than one of
these protocols. For example, a longitudinal study is often a cohort study, a case—control
study is a retrospective study, a longitudinal study is a prospective study, and a clinical trial
may be run as a double-blind randomized controlled study. Also, the nature of a particular
research study will dictate the research protocol that is used. Finally, of all of the study
protocols, the randomized controlled study is the gold standard in biomedical research
because it provides more control over the external factors that can bias the results of a
study.

Most of the medical journals that publish biomedical research require the authors of
an article to describe the research protocol that was used in their study. In fact, during the
peer-review process a journal article undergoes prior to publication, the research protocol
will be carefully scrutinized and research based on poor research protocols will not be pub-
lished. Several examples of the different research protocols used in published biomedical
research articles are given in Examples 1.3—-1.7.

Example 1.3

In the article “A prospective study of coffee consumption and the risk of symptomatic gallstone dis-
ease in men” published in the Journal of the American Medical Association (Leitzmann et al., 1999),
the authors reported the results of a prospective cohort study designed to investigate whether coffee
consumption helps prevent symptomatic gallstone disease. This study consisted of n = 46,008 men,
aged 40-75 years in 1986, without any history of gallstone disease, and the subjects were monitored
for a 10-year period from 1986 to 1996.

Example 1.4

In the article “Hospitalization before and after gastric bypass surgery” published in the Journal of
the American Medical Association (Zingmond et al., 2005), the authors reported the results of a
retrospective research study designed to investigate the amount of time spent in a hospital 1-3 years
after an individual receives a Roux-en-Y gastric bypass (RYGB). This study consisted of n = 60, 077
patients who underwent RYGB from 1995 to 2004 in California.

Example 1.5

In the article “Pesticides and risk of Parkinson disease: a population-based case—control study” pub-
lished in the Archives of Neurology (Firestone et al., 2005), the authors reported the results of a
case—control research study designed to investigate association between occupational and home-
based pesticide exposure and idiopathic Parkinson disease. This study consisted of 250 subjects with
Parkinson’s disease and 388 healthy control subjects.

Example 1.6

In the article “Randomized, double-blind, placebo-controlled trial of 2 dosages of sustained-release
bupropion for adolescent smoking cessation” published in the Archives of Pediatric and Adoles-
cent Medicine (Muramoto et al., 2007), the authors reported the results of a randomized controlled
double-blind research study designed to investigate the efficacy of sustained release of bupropion
hydrochloride for adolescent smoking cessation. This study consisted of n = 312 subjects recruited
through media and community venues from March 1, 1999 to December 31, 2002, who were aged
14-17 years, smoked at least six cigarettes per day, had an exhaled carbon monoxide level of 10
ppm or greater, had at least two previous quit attempts, and had no other current major psychiatric
diagnosis.
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Example 1.7

In the article “Antidepressant efficacy of the antimuscarinic drug scopolamine: a randomized,
placebo-controlled clinical trial” published in Archives of General Psychiatry (Furey et al., 2006), the
authors reported the results of a double-blind, placebo-controlled, dose finding clinical trial designed
to investigate the antidepressant efficacy of scopolamine. This study consisted of n = 19 currently
depressed outpatients aged 18-50 years with recurrent major depressive disorder or bipolar disorder.

1.2.3 Observational Studies Versus Experiments

When two or more subpopulations or treatments are to be compared in a biomedical
research study, one of the most important aspects of the research protocol is whether the
researchers can assign the units to the subpopulations or treatment groups that are being
compared. When the researchers control the assignment of the units to the different treat-
ments that are being compared, the study is called an experiment, and when units come
to the researchers already assigned to the subpopulations or treatment groups, the study
is called an observational study. Thus, in an experiment the researcher has the ability to
assign the units to the groups that are being compared, while in an observational study the
units come to the researcher already assigned to the groups.

One of the main reasons an observational study is used instead of an experiment
in a biomedical research study is that it would be unethical to assign some subjects to a
treatment that is known to be harmful and the remaining subjects to a treatment that is not
harmful. For example, in a prospective 30-year study of the effects of smoking cigarettes,
it would be unethical to assign some subjects to be smokers and others to be non-smokers.

For ethical reasons, observational studies are often used in epidemiological studies
designed to investigate the risk factors associated with a disease. Also, a retrospective study
is always an observational study because it looks backward in time and the units have
already been assigned to the groups being compared. On the other hand, a prospective study
and a clinical trial can be run as either experiments or observational studies depending on
whether it is possible for the researcher to assign the units to the groups.

Example 1.8
Determine whether it would be possible to perform an experiment in each of the scenarios given
below.

a. A nutritionist is interested in comparing several different diets in a prospective study. The
treatments that will be compared are 10% fat in the diet, 15% fat in the diet, and 25% fat in the
diet.

b. A pediatrician is interested in studying the effects of a mother’s use of tobacco on the birth
weight of her baby. The two treatments that are to be compared are smoking during pregnancy
and not smoking during pregnancy.

¢. A medical researcher is studying the efficacy of vitamin C as a preventive measure against
the common cold. The two treatments that are being compared are 1000 mg vitamin C and
1000 mg placebo.

Solutions

a. Because the researcher can assign the subjects to each of the three diets in this study, it could
be performed as an experiment.

b. Because smoking is known to have harmful effects on a fetus, it would be unethical for a
pediatrician to assign some mothers smoke during pregnancy and others to not smoke during
pregnancy. This study would have to be performed as an observational study by comparing the
weights of babies born to mothers who chose to smoke during pregnancy with babies born to
mothers who did not smoke during pregnancy.
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c. Because the medical researcher could assign the subjects to these two treatments, it could be
performed as an experiment.

An important advantage experiments have over observational studies is that it is pos-
sible in an experiment to control for external factors that might cause differences between
the units of the target population. By controlling for the external factors in an experiment,
it is possible to make the groups of units assigned to different treatments (i.e., treatment
groups) as alike as possible before the treatments are applied. Moreover, in a well-designed
experiment when the value of an explanatory variable is changed while no other changes
take place in the experimental conditions, any differences in the responses are most likely
due to the change in the value of this explanatory variable.

On the other hand, it is much harder to control external factors in an observational
study because the units come to the researcher already assigned to the treatments, and thus,
in an observational study there is no guarantee that the treatment groups were alike before
the treatments were assigned to the units. Because experiments can be designed to control
external factors, they can be used to establish evidence of causal relationships; an obser-
vational study generally cannot provide strong evidence of a causal relationship because
uncontrolled external factors cannot be ruled out as the potential cause of the results.

Example 1.9

To study whether echinacea is effective in shortening the duration of the common cold, a random
sample of 200 volunteers is taken. The 200 subjects are divided into two groups of size 100. Each
group gets a supply of 300 mg pills and is instructed to take a 300 mg pill as soon as they recognize
cold symptoms and to continue taking a pill each day until their cold symptoms go away. One group
will receive 300 mg echinacea pills and the other group 300 mg placebo pills. The subjects are asked
to record the duration of each cold they have in the following year.

. Is this study an experiment or an observational study?
. What is the target population in this study?
. What is the response variable in this study?

. What are the treatments in this study?

e & 6 T oW

. Is this a prospective or retrospective study?
Solutions

. This study is an experiment because the researcher assigned the subjects to the treatments.
. The target population in this study is people having the common cold.
The response variable in this study is the duration of the common cold.

. The treatments in this study are 300 mg echinacea and 300 mg placebo.

e & 0o T &

. This is a prospective study because the subjects are being followed forward in time.

Example 1.10

To study whether or not there is a relationship between childhood obesity and parental obesity in
the United States, a random sample of 500 families was selected. The parents and children in each
family were then classified as normal weight, overweight, or obese. The goal was to compare the
percentage in each of the weight classifications of the children with normal weight parents against
the percentages of the children with overweight and obese parents.

a. Is this study an experiment or an observational study?
b. What is the target population in this study?

¢. What is the response variable in this study?
d

. What are the treatments in this study?
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Solutions
a. This study is an observational study because the subjects came to the researcher assigned to
their respective weight classifications.
b. The target population in this study is parents with children living in the United States.

c. The response variable in this study is weight classification of a child. The weight classification
of the parent is an explanatory variable.

d. The treatments in this study consist of weight classifications of the parents (normal, overweight,
or obese).

1.3 CLINICAL TRIALS

Clinical trials are generally associated with biomedical research studies that are carried out
on people for testing how well a new medical approach works, for testing the efficacy and
safety of new drugs, for evaluating new biomedical procedures or technological advances,
and for diagnosing, treating, managing, or preventing a disease. In the United States, a
clinical trial is often highly regulated to ensure that it follows a well-designed research
protocol that is ethical and preserves the safety of the participants.

For example, in the development of a new drug, a pharmaceutical company often
begins by testing the drug on human cells and animals in a laboratory setting. If the initial
laboratory research indicates that the drug may be beneficial to humans, the next step is to
submit a new drug application (NDA) to the FDA. The NDA will contain information on
the drug, the results of all prior test data on the drug, and descriptions of the manufacturing
process used to make the drug. The FDA will then determine whether the drug is safe
and effective for its proposed use(s), whether the benefits of the drug outweigh its risks,
whether the drug’s proposed labeling is appropriate, and, if not, what the drug’s appropriate
labeling is, and whether the methods used in manufacturing the drug and the controls used
to maintain the drug’s quality are adequate to preserve the drug’s identity, strength, quality,
and purity. Supervised clinical trials represent the final testing ground for a new drug, and
the results of the clinical trials will be used in the final approval or disapproval of a new
drug.

1.3.1 Safety and Ethical Considerations in a Clinical Trial

Every well-designed clinical trial will have a predetermined research protocol that outlines
exactly how the clinical trial will be conducted. The clinical trial protocol will describe
what will be done in the trial, the rules for determining who can participate, the specific
research questions being investigated, the schedule of tests, procedures, medications, and
dosages used in the trial, and the length of the trial. During the clinical trial, the participants
are closely monitored by the research staff to determine the safety and effectiveness of their
treatment. In fact, the ethical treatment and safety of the participants are carefully controlled
in clinical trials performed in the United States.

In general, a clinical trial run in the United States must be preapproved by an inde-
pendent committee of physicians, biostatisticians, and members of the community, which
makes sure that the risks to the participants in the study are small and are worth the potential
benefits of the new drug or treatment. Many, if not most, externally funded or university-
based clinical trials must be reviewed and approved by an Institutional Review Board (IRB)
associated with the funding agency. The IRB has the power to decide how often to review
the clinical trial, and once started whether the clinical trial should continue as initially
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planned or modifications need to be made to the research protocol. Furthermore, the IRB
may end a clinical trial when a researcher is not following the prescribed protocol, the trial
is unsafe, or there is clear and strong evidence that the new drug or treatment is effective.

1.3.2 Types of Clinical Trials
Clinical trials can generally be classified as one of the following types of trials:

o Treatment trials that are clinical trials designed to test experimental treatments, new
drugs, or new medical approaches or technology.

e Prevention trials that are clinical trials designed to investigate ways to prevent
diseases or prevent the recurrence of a disease.

e Screening trials that are clinical trials designed to determine the best way to detect
certain diseases or health conditions early on.

e Diagnostic trials that are clinical trials designed to determine tests or procedures that
can be used for diagnosing a particular disease or condition.

o Quality-of-life trials that are clinical trials designed to explore ways to improve the
comfort and quality of life for individuals with a chronic or terminal disease or
condition.

e Genetic trials that are clinical trials designed to investigate the role genetics plays in
the detection, diagnosis, or response to a drug or treatment.

Pharmaceutical companies commonly use treatment trials in the development and evalu-
ation of new drugs, epidemiologists generally use prevention, screening, and diagnostic
trials in their studies of diseases, public health officials often use quality-of-life trials, and
geneticists often use genetic trials for studying tissue or blood samples from families or
large groups of people to understand the role of genes in the development of a disease.
The results of a clinical trial are generally published in peer-reviewed scientific or
medical journals. The peer-review process is carried out by experts who critically review
a research report before it is published. In particular, the peer reviewers are charged with
examining the research protocol, analysis, and conclusions drawn in a research report to
ensure the integrity and quality of the research that is published. Following the publication
of the results of a clinical trial or biomedical research study, further information is generally
obtained as new studies are carried out independently by other researchers. The follow-up
research is generally designed to validate or expand the previously published results.

1.3.3 The Phases of a Clinical Trial

Clinical research is often conducted in a series of steps, called phases. Because a new drug,
medicine, or treatment must be safe, effective, and manufactured at a consistent quality,
a series of rigorous clinical trials are usually required before the drug, medicine, or treat-
ment can be made available to the general public. In the United States the FDA regulates
and oversees the testing and approval of new drugs as well as dietary supplements, cosmet-
ics, medical devices, blood products, and the content of health claims on food labels. The
approval of a new drug by the FDA requires extensive testing and evaluation of the drug
through a series of four clinical trials, which are referred to as phase I, 11, 111, and IV trials.

Each of the four phases is designed with a different purpose and to provide the nec-
essary information to help biomedical researchers answer several different questions about



1.3 CLINICAL TRIALS 11

a new drug, treatment, or biomedical procedure. After a clinical trial is completed, the
researchers use biostatistical methods to analyze the data collected during the trial and
make decisions and draw conclusions about the meaning of their findings and whether
further studies are needed. After each phase in the study of a new drug or treatment, the
research team must decide whether to proceed to the next phase or stop the investigation
of the drug/treatment. Formal approval of a new drug or biomedical procedure generally
cannot be made until a phase III trial is completed and there is strong evidence that the
drug/treatment is safe and effective.

The purpose of a phase I clinical trial is to investigate the safety, efficacy, and side
effects of a new drug or treatment. Phase I trials usually involve a small number of subjects
and take place at a single or only a few different locations. In a drug trial, the goal of a
phase I trial is often to investigate the metabolic and pharmacologic actions of the drug,
the efficacy of the drug, and the side effects associated with different dosages of the drug.
Phase I drug trials are also referred to as dose finding trials.

When the results of a phase I trial suggest that a treatment or drug appears to have
promise, the treatment or drug is generally next studied in a phase II trial. In phase II
clinical trials, the drug or treatment being studied is evaluated on a larger group of subjects
to further investigate its effectiveness and safety. In general, the goal of a phase Il trial is to
study the feasibility and level of activity of the drug or treatment. Thus, phase II trials are
designed to provide more information about the effective dosage of a drug, the severity of
the side effects, and how to manage the side effects. Phase II trials are also referred to as
safety and efficacy trials and usually involve more subjects than phase I trials.

When the preliminary results of a new drug or treatment from a phase II trial sug-
gest the drug or treatment will be effective and safe, a phase III trial is designed to gather
additional information that can be used in evaluating the overall benefit-risk relationship
of the drug. Phase III trials are usually designed to compare the new drug/treatment with
standard or commonly used drugs/treatments, to confirm its effectiveness, to further moni-
tor side effects, and to determine how the new drug or treatment can be safely used. Phase
IIT trials generally are large trials and may enroll subjects at a wide variety of locations.
Phase III trials are also referred to as comparative treatment efficacy trials.

Finally, when a new drug or treatment has been examined in phase I, II, and III trials
and has been approved for the general public, a phase IV trial is usually initiated. A phase
IV trial is a postmarketing study designed to obtain additional information on the risks
associated with the drug/treatment, its benefits, and its optimal use. The primary aim of
a phase IV trial is to evaluate the long-term safety and effectiveness of a drug/treatment.
Phase IV trials sometimes result in a drug being taken completely off the market or new
restrictions being placed on the use of the drug. Phase IV trials are also referred to as
expanded safety trials and usually involve a very large number of subjects.

Note that the number of subjects in a trial usually increases as the phases of the
study progress. That is, a phase I trial usually involves fewer subjects than a phase II trial,
a phase II trial usually involves fewer subjects than a phase III trial, and a phase III trial
usually involves fewer subjects than a phase IV trial. Also, some research studies involving
human subjects will have less than four phases. For example, it is not unusual for screening,
prevention, diagnostic, genetic, and quality-of-life studies to be conducted in only phase I
or II trials. However, new drugs and biomedical procedures almost always require phase
I, 11, and III clinical trials for approval and a phase IV trial to track the safety of the drug
after its approval. The development of a new drug may take many years to proceed through
the first three phases of the approval process, and following approval, the phase IV trial
usually extends over a period of many years.
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1.4 DATA SET DESCRIPTIONS

Throughout this book several data sets will be used in the examples and exercises. These
data sets are available at www.mtech.edu/math/faculty/rick-rossi/Book-Rossi.html as
Excel files and MINITAB worksheets; web addresses frequently change at Montana Tech,
searching for Rick Rossi on the Montana Tech web page will also allow you to find the
data sets on my personal web page.

Permission to use the Birth Weight, Intensive Care Unit, Coronary Heart Disease,
UMASS Aids Research Unit, and Prostate Cancer data sets has been granted by John
Wiley & Sons, Inc. These data sets were first published in Applied Logistic Regression
(Hosmer, 2000). Permission to use the Body Fat data set has been provided by Roger W.
Johnson, Department of Mathematics & Computer Science, South Dakota School of Mines
& Technology and the Journal of Statistics Education.

1.4.1 Birth Weight Data Set

The Birth Weight data set consists of data collected on 189 women to identify the risk
factors associated with the birth of a low birth weight baby. The data set was collected at
the Baystate Medical Center in Springfield, Massachusetts. The variables included in this
data set are summarized in Table 1.1.

1.4.2 Body Fat Data Set

The Body Fat data set consists of data collected on 252 adult males. The data were origi-
nally collected to build a model relating body density and percentage of body fat in adult
males to several body measurement variables. These data were originally used in the article
“Generalized body composition prediction equation for men using simple measurement

TABLE 1.1 A Description of the Variables in the Birth Weight Data Set

Variable Description Codes/Values Name
1 Identification code ID number ID
2 Low birth weight 1 =BWT<2500¢g LOW
0=BWT>2500¢
3 Age of mother Years AGE
4 Weight of mother at Pounds LWT
last menstrual period
5 Race 1 = White RACE
2 = Black
3 = Other
6 Smoking status during pregnancy 0=No SMOKE
1 = Yes
7 History of premature labor 0 = None PTL
1 =One
2 = Two, etc.
8 History of hypertension 0=No HT
1 = Yes
9 Presence of uterine irritability 0=No Ul
1 = Yes
10 Number of physician visits 0 = None FTV
during the first trimester 1 =One
2 = Two, etc.
11 Birth weight Grams BWT
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TABLE 1.2 A Description of the Variables in the Body Fat Data Set

Variable Description Codes/Values Name
1 Density determined from Density Density
underwater weighing
2 Percent body fat Percent Percentage PCTBF
from Siri’s (1956) equation
3 Age in years Years Age
4 Weight in pounds Pounds Weight
5 Height in inches Inches Height
6 Neck circumference Centimeters Neck
7 Chest circumference Centimeters Chest
8 Abdomen circumference Centimeters Abdomen
9 Hip circumference Centimeters Hip
10 Thigh circumference Centimeters Thigh
11 Knee circumference Centimeters Knee
12 Ankle circumference Centimeters Ankle
13 Biceps extended circumference Centimeters Biceps
14 Forearm circumference Centimeters Forearm
15 Wrist circumference Centimeters Wrist
16 Body Mass Index BMI BMI
17 Overweight indicator 0 = Not Overweight Overweight
1 = Yes
18 Obese indicator 0 = Not Obese Obese
1 =Yes

techniques,” published in Medicine and Science in Sports and Exercise (Penrose et al.,
1985). The variables included in this data set are summarized in Table 1.2. Two data sets
have also been created from the Body Fat data set. These data sets have the same variables
as the Body Fat data set and were formed by randomly sampling the Body Fat data set to
create a training set of 189 observations called bodyfat-tr.x1lsx and a validation set
or 63 observations called bodyfat-val.x1sx. These data sets are used in the model
validation sections of the text.

1.4.3 Coronary Heart Disease Data Set

The Coronary Heart Disease data set consists of 100 observations on patients who were
selected in a study on the relationship between the age and the presence of coronary heart
disease. The variables included in this data set are summarized in Table 1.3.

1.4.4 Prostate Cancer Study Data Set
The Prostate Cancer Study data set consists of 380 patients in a study to determine whether

the variables measured at a baseline medical examination can be used to predict whether

TABLE 1.3 A Description of the Variables in the Coronary Heart
Disease Data Set

Variable Description Codes/Values Name
1 Identification code ID number ID

2 Age in years Years Age
3 Coronary heart disease 0 = Absent CHD

1 = Present
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TABLE 1.4 A Description of the Variables in the Prostate Cancer Study Data Set

Variable Description Codes/values Name
1 Identification code ID number ID
2 Tumor penetration of 0 = No penetration CAPSULE
prostatic capsule 1 = Penetration
3 Age Years AGE
4 Race 1 = White RACE
2 = Black
5 Results of the digital 1 = No nodule DPROS
rectal exam 2 = Unilobar nodule (left)
3 = Unilobar nodule (right)
4 = Bilobar nodule
6 Detection of capsular 1=No DCAPS
involvement in rectal exam 2 = Yes
7 Prostatic-specific mg/ml PSA
antigen value
8 Tumor volume obtained cm? VOL
from ultrasound
9 Total Gleason score 0-10 GLEASON

the prostatic tumor has penetrated a prostatic capsule. The data were collected by Dr.
Donn Young at the Ohio State University Comprehensive Cancer Center and the data
have been modified to protect subject confidentiality. Variables included in this data set
are summarized in Table 1.4.

1.4.5 Intensive Care Unit Data Set

The Intensive Care Unit data set consists of 200 observations on subjects involved in a
study on the survival of patients following admission to an adult intensive care unit (ICU).
The data set was collected at the Baystate Medical Center in Springfield, Massachusetts,
and the variables included in this data set are summarized in Table 1.5.

1.4.6 Mammography Experience Study Data Set

The Mammography Experience Study data set consists of 412 observations on subjects
from a study designed to investigate the factors associated with a woman’s knowledge,
attitude, and behavior toward mammography exams. The data were collected by Dr. J.
Zapka and Ms. D. Spotts of the University of Massachusetts, Division of Public Health.
The variables included in this data set are summarized in Table 1.6.

1.4.7 Benign Breast Disease Study

The Benign Breast Disease Study data set consists of data collected from 200 women in
a case—control study designed to investigate the risk factors associated with benign breast
disease at two hospitals in New Haven, Connecticut. The variables included in this data set
are summarized in Table 1.7.
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TABLE 1.5 A Description of the Variables in the Intensive Care Unit Data Set

Variable Description Codes/values Name
1 Identification code ID number ID
2 Vital status 0 = Lived STA
1 = Died
3 Age Years AGE
4 Sex 0 = Male SEX
1 = Female
5 Race 1 = White RACE
2 = Black
3 = Other
6 Service at ICU admission 0 = Medical SER
1 = Surgical
7 Cancer part of 0=No CAN
present problem 1= Yes
8 History of chronic 0=No CRN
renal failure 1= Yes
9 Infection probable at 0=No INF
ICU admission 1 = Yes
10 CPR prior to 0=No CPR
ICU admission 1= Yes
11 Systolic blood pressure mmHg SYS
at ICU admission
12 Heart rate at Beats/min HRA
ICU admission
13 Previous admission to an 0=No PRE
ICU within 6 months 1=Yes
14 Type of admission 0 = Elective TYP
1 = Emergency
15 Long bone, multiple, neck 0 =No FRA
single area, or hip fracture 1 =Yes
16 pO, from initial 0=>60 PO2
blood gases 1=<60
17 pH from initial 0=>725 PH
blood gases 1=<1725
18 pCO, from initial 0=<45 PCO
blood gases 1=>45
19 Bicarbonate from 0=>18 BIC
Initial blood gases 1=<18
20 Creatinine from 0=<20 CRE
initial blood gases 1=>20
21 Level of consciousness 0 = No coma or stupor LOC

at ICU admission

1 = Deep stupor
2 = Coma

1.4.8 Exerbike Data Sets

The Exerbike and Exerbike2 data sets consist of data collected on an individual’s exercise
bike records. The variables in the Exerbike data set are summarized in Table 1.8, and the
variables in the Exerbike2 data set are summarized in Table 1.9.

15



16 CHAPTER 1 INTRODUCTION TO BIOSTATISTICS

TABLE 1.6 A Description of the Variables in the Mammography Experience Data Set

Variable Description Codes/Values Name
1 Identification code ID number OBS
2 Mammograph experience 0 = Never ME
1 = Within 1 year
2 = Over 1 year ago
3 “You do not need a mammogram unless 1 = Strongly agree SYMPT
you develop symptoms” 2 = Agree
3 = Disagree
4 = Strongly disagree
4 Perceived benefit of mammography 5-20 PB
5 Mother or sister with a history 0=No HIST
of breast cancer 1= Yes
6 “Has anyone taught you how to 0=No BSE
examine your own breasts: that is BSE” 1 = Yes
7 “How likely is it that a mammogram 1 = Not likely DETC

could find a new case of
breast cancer”

2 = Somewhat likely
3 = Very likely

TABLE 1.7 A Description of the Variables in the Benign Breast Disease Study Data Set

Variable Description Codes/Values Name
1 Stratum 1-50 STR
2 Observation within a stratum 1 = Case OBS
2-4 = Control
3 Age of the subject at Years AGMT
the interview
4 Final diagnosis 1 = Case FNDX
0 = Control
5 Highest grade in school HIGD
6 Degree 0 = None DEG
1 = High school
2 =Jr. college
3 = College
4 = Masters
5 = Doctoral
7 Regular medical checkups 1 =Yes CHK
2 =No
8 Age at first pregnancy Years AGP1
9 Age at menarche Years AGMN
10 No. of stillbirths, miscarriages, etc. NLV
11 Number of live births LIV
12 Weight of the subject Pounds WT
13 Age at last menstrual period Years AGLP
14 Marital status 1 = Married MST
2 = Divorced
3 = Separated
4 = Widowed

5 = Never married
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TABLE 1.8 A Description of the Variables in the Exerbike Data Set

Variable Description Codes/Values Name

1 Date of exercise session mm/dd/yyyy Date

2 Calories burned Calories Cals

3 Average heart rate Beats per minute HeartRate
4 Average speed miles per hour Speed

5 Distance ridden Miles Distance
6 Time ridden Minutes Time

7 Calories burned per minute Calories/minute Cals/m

TABLE 1.9 A Description of the Variables in the Exerbike2 Data Set

Variable Description Codes/Values Name

1 Month Month Month

2 Time ridden Minutes Time

3 Average heart rate Beats per minute HeartRate
4 Average speed miles per hour Speed

5 Calories burned per minute Calories/minute Cals/m

GLOSSARY

Biostatistics  Biostatistics is the science of collecting, analyzing, and interpreting
biomedical and healthcare data.

Blinded Study A blinded study is a research study where the subjects in the study are not
told which treatment they are receiving. A research study is a double-blind study when
neither the subject nor the staff administering the treatment know which treatment a
subject receives.

Case-Control Study A case—control study is a retrospective study in which subjects
having a certain disease or condition are compared with subjects who do not have the
disease.

Census A census is a sample consisting of the entire set of population units.

Clinical Trial A clinical trial is a research study performed on humans and designed to
evaluate a new treatment or drug or to investigate a specific health condition that follows
a predefined protocol.

Cohort A cohort is a group of subjects having similar characteristics.

Cross—Sectional Study A cross-sectional study is a study to investigate the relationship
between a response variable and the explanatory variables in a target population at a
particular point in time.

Experiment An experiment is a study where the researcher controls the assignment of
the units to the treatments.

Explanatory Variable An explanatory variable is a variable that is used to explain or is
believed to cause changes in the response variable. The explanatory variables are also
called independent variables or predictor variables.
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Longitudinal Study A longitudinal study is a study where the same subjects are
observed over a specific period of time. A longitudinal study could be either a prospec-
tive or a retrospective study.

Observational Study An observational study is any study where the units of the study
come to the researchers already assigned to the subpopulations or treatment groups.

Parameter A parameter is a numerical measure of a characteristic of the population.

Phase I Clinical Trial A phase I clinical trial is designed for investigating the safety,
efficacy, and side effects of a new drug or treatment. Phase I drug trials are also referred
to as dose finding trials.

Phase II Clinical Trial A phase II clinical trial follows a phase I trial and is used to
further investigate the effectiveness, feasibility, and safety of a drug or treatment. Phase
II trials are also referred to as safety and efficacy trials and usually have a larger sample
size than a phase I trial.

Phase III Clinical Trial A phase III clinical trial follows a phase II trial and is designed
to gather additional information that will be used in evaluating the overall benefit—risk
relationship of the drug. Phase III trials are generally large trials and are referred to as
comparative treatment efficacy trials.

Phase IV Clinical Trial A phase IV clinical trial is a postmarketing study designed to
obtain additional information on the risks associated with the drug/treatment, its bene-
fits, and its optimal use. The primary use of a phase IV trials is to evaluate the long-term
safety and effectiveness of a drug/treatment. Phase IV trials are referred to as expanded
safety trials and usually involve a large number of subjects.

Population Units The units of a population are the objects on which measurements will
be taken. When the units of the population are human beings, they are referred to as
subjects or individuals.

Prospective Study A prospective study is a study that monitors the units over a period
of time and analyzes what happens to the units in the study.

Randomized Controlled Study A randomized controlled study is a research study
where the subjects are randomly assigned to the treatments with one of the treatments
being a control treatment; a control treatment may be a standard treatment, a placebo,
or no treatment at all.

Response Variable A response variable is an observed variable or outcome variable in
an experiment or study that is believed to depend on other variables in the study. The
response variable is also called a dependent variable.

Retrospective Study A retrospective study is a study that looks backward in time and
analyzes what has happened to the units in the study.

Sample A sample is a subset of the population units. A random sample is a sample that
is chosen according to a sampling plan where the probability of each possible sample
that can be drawn from the target population is known and the probability of sampling
each unit in the population is known.

Statistic A statistic is any value that is computed from only the sample observations and
known values.

Statistical Inferences Statistical inferences are estimates, conclusions, or generaliza-
tions made about the target population from the information contained in an observed
sample.

Statistical Model A statistical model is a mathematical formula that relates the response
variable to the explanatory variables.
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Target Population The target population is the population of units that is being studied.

Treatment A treatment is any experimental condition that is applied to the units. A
placebo treatment is an inert or inactive treatment that is applied to the units.

Variable A variable is a characteristic that will be recorded or measured on a unit in the
target population.

EXERCISES

1.1  What is biostatistics?

1.2 What does a biostatistician do?

1.3 What are three federal agencies that employ biostatisticians?

14 Whatisa
(a) target population? (b) sample?
(c) census?

1.5 How is the target population different from a sample?

1.6 Whatisa
(a) parameter? (b) statistic?

1.7 How is a statistic different from a parameter?

1.8 How can the value of an unknown parameter be
(a) found exactly? (b) estimated?

1.9 What is a numerical value that is computed from only the information contained in
a sample called?

1.10 What is a numerical value that is computed from a census called?

1.11 What is a statistical inference?

1.12 Whatis a
(a) random sample? (b) cohort?
(c¢) variable? (d) treatment?
(e) placebo? (f) statistical model?

1.13 What can be expected of an estimate of a parameter when the sample size is
approximately equal to the number of units in the population?

1.14 What is the difference between a response variable and an explanatory variable.

1.15 In a study designed to determine the percentage of understaffed hospitals in the
United States, 250 of roughly 7500 hundred hospitals in the United States were
surveyed. The resulting percentage of the understaffed hospitals was 41%.
(a) What is the target population in this study?
(b) Is 41% a statistic or a parameter? Explain.

1.16 Inastudy designed to determine the percentage of doctors belonging to the American

Medical Association (AMA) who perform pro bono work, the AMA found from a
census of its membership that 63% performed pro bono work. The AMA also found
from a sample of 1000 members that the average number of pro bono hours worked
by a doctor in a year was 223.
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(a) What is the target population in this study?
(b) Is 63% a statistic or a parameter? Explain.
(c) Is 223 a statistic or a parameter? Explain.

In a Red Cross sponsored laboratory study designed to investigate the average length
of time blood can be stored safely in a blood bank in the United States, 20 freshly
sampled 500 ml blood bags were monitored over a 6-month period. The results of
this laboratory study showed that blood may be stored safely on average for 17 days.
(a) What is the target population in this study?

(b) Is 17 a statistic or a parameter? Explain.

In a study to examine the relationship between alcohol use and Alzheimer’s dis-
ease, 500 participants aged 60 and older who have been diagnosed with Alzheimer’s
disease were selected for this study. The 500 participants were classified into three
groups by alcohol use with one group consisting of participants who do not use alco-
hol, a second group consisted of participants with low or moderate alcohol use, and
a third group consisted of participants with high alcohol use. Doctors will use a cog-
nitive test to assess the stage of a participant’s Alzheimer’s disease and comparisons
are to be made among the three groups.

(a) What is the target population in this study?

(b) What are the units of the target population?

(c) What is the sample size for this study?

(d) Is this an experiment or an observational study?

(e) What are the treatment groups in this study?

(f) Was randomization used to create the three groups of participants?

To study whether vitamin C is effective in shortening the duration of a common cold,
arandom sample of 300 volunteers with colds is selected, and the 300 volunteers are
randomly divided into three groups of size 100. One group gets a supply of 1000 mg
vitamin C pills and is instructed to take a pill each day until their cold symptoms
vanish, a second group receives a supply of 500 mg vitamin C pills to be taken each
day until their cold symptoms vanish, and the third group receives a supply of placebo
pills to be taken each day until their cold symptoms vanish. The subjects are asked
to record the duration of each cold they have in a one year period.

(a) What is the target population in this study?

(b) Is this an experiment or an observational study?

(c) What are the treatments in this study?

(d) Could this study be run as a double-blind study? Explain.

In a study designed to investigate the efficacy of three treatments for melanoma
cancer, 912 individuals were identified as candidates for the study from Veterans
Administration hospital records. The treatments being studied are excision surgery,
excision surgery followed by Interferon Alpha-2B, and a homeopathic treatment.
The goal of this study is to estimate the percentage of melanoma cancer patients
surviving at least five years following treatment. The variables age, gender, and
race are also recorded for each individual in the study since they are believed to
be associated with the survival time of a melanoma patient. The survival time of a
patient is recorded when they die before the five year study period is over. Determine
(a) the target population for this study.

(b) the parameter of interest for this study.
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(c) the response variable in this study.

(d) the explanatory variables in this study.

(e) the treatments being studied.

(f) whether or not this can be performed as an experiment. Explain.

What is a

(a) retrospective study? (b) prospective study?
(c) longitudinal study? (d) case—control study?
(e) cross-sectional study? (f) clinical trial?

(g) blinded study? (h) double-blind study?

How do prospective and retrospective studies differ?
What is a randomized controlled study?

Use the Internet to find an article published in a biomedical journal where a prospec-
tive study was used and identify the target population, the units of the population,
the response variable, the treatments used in the study, and the explanatory variables
measured in the study.

Use the Internet to find an article published in a biomedical journal where a retrospec-
tive study was used and identify the target population, the units of the population, the
response variable, the treatments used in the case—control study, and the explanatory
variables measured in the study.

Use the Internet to find an article published in a biomedical journal where a cohort
study was used and identify the target population, the units of the population, the
response variable, the treatments used in the study, and the explanatory variables
measured in the study.

Use the Internet to find an article published in a biomedical journal where a double-
blind study was used and identify the target population, the units of the population,
the response variable, the treatments used in the study, and the explanatory variables
measured in the study.

Use the Internet to find an article published in a biomedical journal where a
cross-sectional study was used and identify the target population, the units of the pop-
ulation, the response variable, the treatments used in the study, and the explanatory
variables measured in the study.

Use the Internet to find an article published in a biomedical journal where a prospec-
tive case-control study was used and identify the target population, the units of
the population, the response variable, the treatments used in the study, and the
explanatory variables measured in the study.

What is an
(a) experiment? (b) observational study?

How is an experiment different from an observational study?
Why is an experiment preferred over an observation study?
Why are retrospective studies and case—control studies observational studies?

Explain why it would or would not be ethical to perform an experiment in each of
the scenarios below.
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(a) A researcher is interested in the effects of smoking cigarettes on human health.
The researcher would like to assign subjects to the two treatments smoked
cigarettes for 25 years and did not smoke cigarettes at all in a 25 year period
in a prospective study.

(b) A researcher is interested in determining the efficacy of a new HIV/AIDS drug.
The researcher would like to assign subjects to standard treatment and the new
drug in a randomized controlled study.

(¢) A researcher is interested in identifying the risk factors associated with
Alzheimer’s disease. The researcher would like to assign subjects to several
different risk factors in a 20-year prospective study.

(d) A researcher is interested in identifying the relationship between hormone ther-
apy and breast cancer. The researcher would like to assign subjects to the
treatments hormone therapy, time-reduced hormone therapy, and no hormone
therapy at all in a 20-year prospective study.

What are the six different types of clinical trials that were discussed in Chapter 1?

What is a
(a) prevention trial? (b) quality-of-life trial?
(¢) screening trial? (d) treatment trial?

What are the four phases of clinical trials?

What is a

(a) dose finding trial?

(b) safety and efficacy trial?

(c) comparative treatment efficacy trial?
(d) expanded safety trial?

What phases must a new drug, treatment, or biomedical procedure go through to
receive approval for widespread use in the United States?

What is the purpose of running a phase IV trial after a new drug, treatment, or
biomedical procedure has been approved?

What reasons might be used for prematurely stopping a clinical trial?

Are all research studies based on clinical trials required to be studied in all four
phases? Explain.

Use the Internet to find

(a) the FDA regulations for the approval of a new drug.

(b) the regulations used in the United Kingdom for the approval of a new drug.

(c) the regulations used in Japan for the approval of a new drug.

(d) two drugs that have been taken off the market for safety reasons after their
approval.

(e) out what the CDER agency does with regard to drugs developed and marketed
in the United States.

In the clinical trial Direct Lysis of Staph Aureus Resistant Pathogen Trial
of Exebacase (DISRUPT)(NCT04160468) which is summarized at https://
clinicaltrials.gov/ct2/show/nct04160468, determine the

(a) estimated enrollment in this experiment.

(b) treatments in this experiment.

(c) eligibility requirements for a participant in this clinical trial.

(d) start date of this study.
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In the clinical trial Herbal Medicine 'Eungyosan’ and ’Samsoeum’ for Common Cold
(NCTO04073511) which is summarized at https://clinicaltrials.gov/
ct2/show/nct04073511, determine the

(a) estimated enrollment in this experiment.

(b) treatments in this experiment.

(¢) country where this clinical trial will take place.

(d) age range of the participants in this experiment.

In the clinical trial Topical Calcipotriene Treatment for Breast Cancer Immunopre-
vention (NCT03596073) which is summarized athttps://clinicaltrials.
gov/ct2/show/nct03596073, determine the

(a) treatments in this experiment.

(b) locations where this clinical trial will take place.

(c) estimated enrollment in this experiment.

(d) start date of this study.

(e) estimated study completion date.

In the clinical trial Melanoma Biomarker Study (NCT00348088) which is sum-
marized at https://clinicaltrials.gov/ct2/show/nct00348088,
determine

(a) the actual enrollment in this observational study.

(b) whether this is a prospective or retrospective study.

(c) the location of this study.

In the clinical trial Validation of PSFS in Carpal Tunnel Syndrome
(NCT03909373) which is summarized at https://clinicaltrials.gov/
ct2/show/nct03909373, determine

(a) the estimated enrollment in this observational study.

(b) whether this is a prospective or retrospective study.

(c) the inclusion criteria for participants in this study.

(d) the location of this study.

For the clinical trial NCTO04372602 summarized at https://clinical
trials.gov/ct2/show/NCT04372602, determine

(a) the disease/condition being studied.

(b) whether the trial is an experiment or an observational study.

For the clinical trial NCTO03278119 summarized at https://clinical
trials.gov/crt2/show/nct03278119, determine

(a) the disease/condition being studied.

(b) whether the trial is an experiment or an observational study.

For the clinical trial NCTO01370538 summarized at https://clinical
trials.gov/ct2/show/NCT01370538, determine

(a) the disease/condition being studied.

(b) whether the trial is an experiment or an observational study.

For the clinical trial NCTO04591834 summarized at https://clinical
trials.gov/ct2/show/NCT04591834, determine

(a) the disease/condition being studied.

(b) whether the trial is an experiment or an observational study.


https://clinicaltrials.gov/ct2/show/nct04073511
https://clinicaltrials.gov/ct2/show/nct03596073
https://clinicaltrials.gov/ct2/show/nct00348088
https://clinicaltrials.gov/ct2/show/nct03909373
https://clinicaltrials.gov/ct2/show/NCT04372602
https://clinicaltrials.gov/crt2/show/nct03278119
https://clinicaltrials.gov/ct2/show/NCT01370538
https://clinicaltrials.gov/ct2/show/NCT04591834
https://clinicaltrials.gov/ct2/show/nct04073511
https://clinicaltrials.gov/ct2/show/nct03596073
https://clinicaltrials.gov/ct2/show/nct03909373
https://clinicaltrials.gov/ct2/show/NCT04372602
https://clinicaltrials.gov/crt2/show/nct03278119
https://clinicaltrials.gov/ct2/show/NCT01370538
https://clinicaltrials.gov/ct2/show/NCT04591834

CHAPTER2

DESCRIBING POPULATIONS

I N THE planning stages of a research project, a set of research questions is
developed and refined. Once a well-defined set of research questions has been developed,
a target population will be identified so that the goals of the research project can be
attained by sampling the target population. The target population is the reference
population about which the research questions apply, from which the sample data will be
collected, and is the population that statistical inferences will be made about. The
research questions will also define the set of variables that must be measured on each unit
that is sampled. A variable is a characteristic that will be measured on the units of the
target population.

It is important to note that each variable will then have its own population of values.
That is, because the units of the population will differ to some degree, a variable will
often reflect the differences between the population units and take on several different
values. The research questions will also need to be converted into questions about the
particular characteristics of the population of values of a variable. In particular, the
research questions must be expressed as questions concerning the parameters of the
population of values of the variable so that statistical methods can be used to estimate,
test, or predict the values of the parameters of interest.

In converting the research questions to questions about the parameters of a
population, it is critical for a biomedical researcher and a biostatistician to work together
to identify the parameters of the population that are relevant to the research questions
being asked. The biomedical research team will also need to determine all of the variables
that will be measured before collecting the sample data. In a well-designed research
project, it is likely that a biomedical researcher and a biostatistician will work together to
design the appropriate sampling plan and to determine the appropriate statistical
methodology that will provide meaningful and accurate statistical inferences about the
target population and the research questions.

2.1 POPULATIONS AND VARIABLES

In a properly designed biomedical research study, a well-defined target population and a
particular set of research questions dictate the variables that should be measured on the units
being studied in the research project. In most research problems, there are many variables
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that must be measured on each unit in the population. The outcome variables that are of
primary interest are called the response variables, and the variables that are believed to
explain the response variables are called the explanatory variables or predictor variables.
For example, in a clinical trial designed to study the efficacy of a specialized treatment
designed to reduce the size of a malignant tumor, the following explanatory variables might
be recorded for each patient in the study: age, gender, race, weight, height, blood type, blood
pressure, and oxygen uptake. The response variable in this study might be change in the
size of the tumor.

Variables come in a variety of different types; however, each variable can be classified
as being either quantitative or qualitative in nature. A variable that takes on only numeric
values is a quantitative variable, and a variable that takes on non-numeric values is called
a qualitative variable or a categorical variable. Note that a variable is a quantitative or
qualitative variable based on the possible values the variable can take on.

Example 2.1

In a study of obesity in the population of children aged 10 or less in the United States, some possible
quantitative variables that might be measured include age, height, weight, heart rate, body mass index,
and percent body fat; some qualitative variables that might be measured on this population include
gender, eye color, race, and blood type. A likely choice for the response variable in this study would
be the qualitative variable Obese defined by

Obese = Yes for a body mass index of >30
"~ [No for abody mass index of <30

2.1.1 Qualitative Variables

Qualitative variables take on nonnumeric values and are usually used to represent a distinct
quality of a population unit. When the possible values of a qualitative variable have no
intrinsic ordering, the variable is called a nominal variable; when there is a natural ordering
of the possible values of the variable, then the variable is called an ordinal variable. An
example of a nominal variable is Blood Type where the standard values for blood type are
A, B, AB, and O. Clearly, there is no intrinsic ordering of these blood types, and hence,
Blood Type is a nominal variable. An example of an ordinal variable is the variable Pain
where a subject is asked to describe their pain verbally as

e No pain,

e Mild pain,

e Discomforting pain,
e Distressing pain,

e Intense pain,

e Excruciating pain.

In this case, since the verbal descriptions describe increasing levels of pain, there is a clear
ordering of the possible values of the variable Pain levels, and therefore, Pain is an ordinal
qualitative variable.

Example 2.2
In the Framingham Heart Study of coronary heart disease, the following two nominal qualitative
variables were recorded:

Yes

Smokes =
mokes =y
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and

Yes
Diabetes =
iabetes No

Example 2.3
An example of an ordinal variable is the variable Baldness when measured on the Norwood—Hamilton
scale for male-pattern baldness. The variable Baldness is measured according to the seven categories
listed below:

I Full head of hair without any hair loss.
II Minor recession at the front of the hairline.
III Further loss at the front of the hairline, which is considered “cosmetically significant.”
IV Progressively more loss along the front hairline and at the crown.
V Hair loss extends toward the vertex.
VI Frontal and vertex balding areas merge into one and increase in size.

VII All hair is lost along the front hairline and crown.

Clearly, the values of the variable Baldness indicate an increasing degree of hair loss, and thus,
Baldness as measured on the Norwood—Hamilton scale is an ordinal variable. This variable is also
measured on the Offspring Cohort in the Framingham Heart Study.

2.1.2 Quantitative Variables

A quantitative variable is a variable that takes only numeric values. The values of a quan-
titative variable are said to be measured on an interval scale when the difference between
two values is meaningful; the values of a quantitative variable are said to be measured on a
ratio scale when the ratio of two values is meaningful. The key difference between a vari-
able measured on an interval scale and a ratio scale is that on a ratio scale there is a “natural
zero” representing absence of the attribute being measured, while there is no natural zero
for variables measured on only an interval scale. Some scales of measurement will have
natural zero and some will not. When a measurement scale has a natural zero, then the ratio
of two measurements is a meaningful measure of how many times larger one value is than
the other. For example, the variable Fat that represents the grams of fat in a food product
is measured on a ratio scale because the value Fat = 0 indicates that the unit contained
absolutely no fat. When a scale of measurement does not have a natural zero, then only
the difference between two measurements is a meaningful comparison of the values of the
two measurements. For example, the variable Body Temperature is measured on a scale
that has no natural zero since Body Temperature = 0 does not indicate that the body has no
temperature.

Since interval scales are ordered, the difference between two values measures how
much larger one value is than another. A ratio scale is also an interval scale but has the
additional property that the ratio of two values is meaningful. Thus, for a variable measured
on an interval scale the difference of two values is the meaningful way to compare the
values, and for a variable measured on a ratio scale both the difference and the ratio of
two values are meaningful ways to compare difference values of the variable. For example,
body temperature in degrees Fahrenheit is a variable that is measured on an interval scale
so that it is meaningful to say that a body temperature of 98.6 and a body temperature of
102.3 differ by 3.7 degrees; however, it would not be meaningful to say that a temperature
of 102.3 is 1.04 times as much as a temperature of 98.6. On the other hand, the variable
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weight in pounds is measured on a ratio scale, and therefore, it would be proper to say that
a weight of 210 1b is 1.4 times a weight of 150 Ib; it would also be meaningful to say that
a weight of 210 1b is 60 Ib more than a weight of 150 1b.

Example 2.4

The following questions were asked in the Framingham Heart Study on the Offspring Cohort and the
corresponding variables recorded. The variables are listed in parentheses after each question. Deter-
mine which of these variables are qualitative and which quantitative. For the qualitative variables
determine whether they are nominal or ordinal variables.

. What is your gender? (Gender)

. Systolic blood pressure (Systolic Blood Pressure)

Do you smoke? (Smoke)

How many cigarettes do you smoke per day? (No. Cigarettes)

. What is your age? (Age)

- 0 & o T o

. How many times per week do you engage in intense physical activity? (No. Physical Activity)

g. How is your health now? (Health)
Solutions

. Gender is a nominal qualitative variable.
. Systolic Blood Pressure is a quantitative variable.

. Smoke is a nominal qualitative variable.

. Age is a quantitative variable.

a

b

c

d. No. Cigarettes is a quantitative variable.

e

f. No. Physical Activity is a quantitative variable.
g

. Health is an ordinal qualitative variable.

A quantitative variable can also be classified as either a discrete variable or a contin-
uous variable. A quantitative variable is a discrete variable when it can take on a finite or
a countable number of values; a quantitative variable is a continuous variable when it can
take on any value in one or more intervals. Note that the values that a discrete variable can
take on are distinct, isolated, and can be counted. In the previous example, the variables
Age, No. Cigarettes, and No. Physical Activity are discrete variables. A counting variable
is a specialized discrete variable that simply counts how many times a particular event has
occurred. The values a counting variables can take on are the values 0, 1, 2, 3, ..., co. For
example, in the Framingham Heart Study the variables No. Cigarettes and No. Physical
Activity are counting variables.

Example 2.5

The following variables are all counting variables:
a. The number of cancer patients in remission following treatment at a hospital.
b. The number of laboratory mice that survive in an experiment.

¢. The number of white blood cells in a 10 ml blood sample.

Continuous variables are variables that can take on any value in one or more intervals.
Examples of continuous variables are the exact weight of a subject, the exact dose of a
drug, and the exact height of a subject. In most problems, there will be variables of interest
that are continuous variables, but because the variable can only be measured to a specific
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accuracy, a discrete version of the variable is used. For example, the weight of a subject is
a continuous variable, but when it is measured only in pounds or tenths of pounds, it is a
discrete variable.

Example 2.6
The following variables are continuous variables that might be measured on a discrete measurement
scale:

a. Body temperature since it is usually measured in tenths of degrees.
b. Lung capacity since it is a volume and is usually measured in cubic centimeters.

¢. Tumor size since it is measured as a depth in tenths of centimeters.

It is important that a variable truly reflects the characteristic being studied. A variable
is said to be a valid variable when the measurements on the variable truly represent the
characteristic the variable is supposed to be measuring. The validity of a variable depends
on the characteristic being measured and the measuring device being used to measure the
characteristic. When a characteristic of a unit is subjective in nature, it will be difficult to
measure the characteristic accurately, and in this case, the validity of any variables used to
measure this subjective characteristic is usually questionable.

Example 2.7

The intelligence of an individual is a subjectively measured characteristic. There are many tests that
have been developed to measure intelligence. For example, the Fagan test measures the amount of
time an infant spends inspecting a new object and compares this time with the time spent inspecting
a familiar object (Fagan and Detterman, 1992). The validity of the Fagan test as a measure of intelli-
gence, however, has been questioned by several scientists who have studied the relationship between
intelligence and the Fagan test scores.

The diagram in Figure 2.1 summarizes the different types of variables/data that can
be observed.

2.1.3 Multivariate Data

In most research problems, there will be many variables that need to be measured. When
the collection of variables measured on each unit consists of two or more variables, a data

Variable

Qualitative Quantitative

Nominal Ordinal Discrete Continuous

Figure 2.1 Different types of classifications for variables.
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set is called a multivariate data set, and a multivariate data set consisting of only two vari-
ables is called a bivariate data set. In a multivariate data set, there is usually one variable
that is of primary interest to a research question that is believed to be explained by some
of the other variables measured in the study. The variable of primary interest is called a
response variable and the variables believed to cause changes in the response are called
explanatory variables or predictor variables. The explanatory variables are often referred
to as the input variables and the response variable is often referred to as the output vari-
able. Furthermore, in a statistical model, the response variable is the variable that is being
modeled; the explanatory variables are the input variables in the model that are believed to
cause or explain differences in the response variable. For example, in studying the survival
of melanoma patients, the response variable might be Survival Time that is expected to be
influenced by the explanatory variables Age, Gender, Clark’s Stage, and Tumor Size. In
this case, a model relating Survival Time to the explanatory variables Age, Gender, Clark’s
Stage, and Tumor Size might be investigated in the research study.

A multivariate data set often consists of a mixture of qualitative and quantitative vari-
ables. For example, in a biomedical study, several variables that are commonly measured
are a subject’s age, race, gender, height, and weight. When data have been collected, the
multivariate data set is generally stored in a spreadsheet with the columns containing the
data on each variable and the rows of the spreadsheet containing the observations on each
subject in the study.

In studying the response variable, it is often the case that there are subpopulations
that are determined by a particular set of values of the explanatory variables that will be
important in answering the research questions. In this case, it is critical that a variable
be included in the data set that identifies which subpopulation each unit belongs to. For
example, in the National Health and Nutrition Examination Survey (NHANES) study, the
distribution of the weight of female children was studied. The response variable in this
study was weight and some of the explanatory variables measured in this study were height,
age, and gender. The result of this part of the NHANES study was a distribution of the
weights of females over a certain range of age. The resulting distributions were summa-
rized in the chart given in Figure 2.2 that shows the weight ranges for females for several
different ages.

Example 2.8

In the article “The validity of self-reported weight in US adults: a population based cross-sectional
study” published in BMC Public Health (Villanueva, 2001), the author reported the results of a study
on the validity of self-reported weight. The data set used in the study was a multivariate data set
with response variable being the difference between the self-reported weight and the actual weight
of an individual. The explanatory variables in this study were gender, age, race—ethnicity, highest
educational attainment, level of activity, and perception of the individuals’ current weight.

2.2 POPULATION DISTRIBUTIONS AND PARAMETERS

For a well-defined population of units and a variable, say X, the collection of all possible
values of the variable X formed by measuring all of the units in the target population forms
the population associated with the variable X. When multiple variables are recorded, each
of the variables will generate its own population. Furthermore, since a variable may take
on many different values, an important question concerning the population of values of the
variable is “How can the population of values of a variable be described or summarized?”
The two different approaches that can be used to describe the population of values of the
variable are (1) to describe explicitly how the variable is distributed over its values and
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Figure 2.2 Weight-by-age chart for girls in the NHANES study.

(2) to describe a set of characteristics that summarize the distribution of the values in the
population.

2.2.1 Distributions

A statistical analysis of a population is centered on how the values of a variable are dis-
tributed, and the distribution of a variable or population is an explicit description of how
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the values of the variable are distributed often described in terms of percentages. The
distribution of a variable is also called a probability distribution because it describes the
probabilities that each of the possible values of the variable will occur. Moreover, the dis-
tribution of a variable is often presented in table or chart or modeled with a mathematical
equation that explicitly determines the percentage of the population taking on each possi-
ble value of the variable. The total percentage in a probability distribution is 100%. The
distribution of a qualitative or a discrete variable is generally displayed in a bar chart or in
a table, and the distribution of a continuous variable is generally displayed in a graph or is
represented by a mathematical function.

Example 2.9

The four basic classifications of blood type are O, A, B, and AB. The distribution of blood type,
according to the American Red Cross, is given in Table 2.1, and a bar chart representing this distri-
bution is shown in Figure 2.3. Based on the information in Table 2.1, 45% of Americans have type
O blood, 40% have type A, 11% have type B, and 4% have type AB blood.

Another method of classifying blood types is to represent blood type by type and Rh
factor. A bivariate distribution of blood type for the variables type and Rh factor is given
in Table 2.2 and the bar chart in Figure 2.4.

Example 2.10

One of the goals of the 1989 Wisconsin Behavioral Risk Factor Surveillance System (BRFS) was
to estimate the distribution of adults who count calories. The distribution of male and female adults
in Wisconsin who count calories is given in Table 2.3. Based on the information in Table 2.3, the
percentage of females who do not count calories is 69.6% and the percentage of males who do not
count calories is 84.8%. Note that there are actually two distributions given in Table 2.3.

TABLE 2.1 The Distribution of Blood Type
According to the American Red Cross

Blood Type Percentage
o 45%

A 40%

B 11%

AB 4%

4%

O A B AB

Figure 2.3 A bar chart of the distribution of blood types in the United States.
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TABLE 2.2 The Distribution of Blood Types with Rh

Factor

Rh Factor
Type + -
(0} 38% 7%
A 34% 6%
B 9% 2%
AB 3% 1%

TABLE 2.3 The Distribution of Adults who Count Calories Based on the 1989
Wisconsin BRFS by Age and Gender

Sex Calories Eaten Per Day

% 1200 or Less % > 1200 % Do Not Count
Male 4.6 10.6 84.8
Female 19.0 11.5 69.6

38%

O+ 0- A+ A- B+ B- + AB-

Figure 2.4 A bar chart of the distribution of blood types and Rh factor in the United States.

The distribution of a continuous quantitative variable is often modeled with a math-
ematical function called the probability density function. The probability density function
explicitly describes the distribution of the values of the variable. A plot of the probability
density function provides a graphical representation of the distribution of a variable, and
the area under the curve defined by the probability density function corresponds to the per-
centage of the population falling between these two values. The height of the curve at a
particular value of the variable measures the percentage per unit in the distribution at this
point and is called the density of the population at this point. Regions where the values
of the variable are more densely grouped are areas in the graph of a probability density
function where it is tallest. Examples of the most common shapes of the distribution of a
continuous variable are given in Figures 2.5-2.8.

The value of the population under the peak of a probability density graph is called a
mode. A distribution can have more than one mode, and a distribution with more than one
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VAN

Figure 2.5 An example of a mound-shaped distribution.

AN

Figure 2.6 An example of a distribution with a long tail to the right.

N\

Figure 2.7 An example of a distribution with a long tail to the left.

Figure 2.8 An example of a bimodal distribution.

mode is called a multimodal distribution. When a distribution has two or more modes, this
usually indicates that there are distinct subpopulations clustering around each mode. In this
case, it is often more informative to have separate graphs of the probability distributions
for analyzing each of the subpopulations.

Example 2.11

In studying obsessive compulsive disorder (OCD), the age at onset is an important variable that is
believed to be related to the neurobiological features of OCD; OCD is classified as being either Child
Onset OCD or Adult Onset OCD. In the article “Is age at symptom onset associated with severity
of memory impairment in adults with obsessive-compulsive disorder?” published in the American
Journal of Psychiatry (Henin et al., 2001), the authors reported the distribution of the age for onset
of OCD given in Figure 2.9. Because there are two modes (peaks) in Figure 2.9, the distribution is
suggesting that there might be two different distributions for the age of onset of OCD, one for children
and one for adults. Because the clinical diagnoses are Child Onset OCD and Adult Onset OCD, it
is more informative to study each of these subpopulations separately. Thus, the distribution of age
of onset of OCD has been separated into distributions for the distinct classifications as Child Onset
OCD and Adult Onset OCD that are given in Figure 2.10.

The shape of the distribution of a discrete variable can also be described as long-tail
right, mound shaped, long-tail left, or multimodal. For example, the 2005 National Health
Interview Survey (NHIS) reports the distribution of the size of a family, a discrete variable,
and the distribution according to the 2005 National Health Interview Survey is given in
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Figure 2.9 Distribution of age at which OCD is diagnosed.
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Figure 2.10 Distribution of the age at which OCD is diagnosed for Child Onset OCD and Adult
Onset OCD.

30.9%

29.6%

15.2%

13.7%

Figure 2.11 Distribution of family size according to the 2005 NHIS.

Figure 2.11. Note that the distribution of family size according to the 2005 NHIS data is a
long-tail right discrete distribution.

2.2.2 Describing a Population with Parameters

Because the distribution of a variable contains all of the information on how the units in the
population are distributed, every question concerning the target population can be answered
by studying the distribution of the target population. An alternative method of describing
a population is to summarize specific characteristics of the population. That is, the target
population can be summarized by determining the values of specific parameters such as
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the parameters that measure the typical value in the population, population percentages,
the spread of the population, and the extremes of a population.

2.2.3 Proportions and Percentiles

Populations are often summarized by listing the important percentages or proportions asso-
ciated with the population. The proportion of units in a population having a particular
characteristic is a parameter of the population, and a population proportion will be denoted
by p. The population proportion having a particular characteristic, say characteristic A, is
defined to be
number of units in population having characteristic A
p= N

Note that the percentage of the population having characteristic A is p X 100%. Population
proportions and percentages are often associated with the categories of a qualitative variable
or with the values in the population falling in a specific range of values. For example, the
distribution of a qualitative variable is usually displayed in a bar chart with the height of a
bar representing either the proportion or percentage of the population having that particular
value.

Example 2.12
The distribution of blood type according to the American Red Cross is given in Table 2.4 in terms of
proportions.

An important proportion in many biomedical studies is the proportion of individuals
having a particular disease, which is called the prevalence of the disease. The prevalence
of a disease is defined to be

Prevalence = The proportion of individuals in a well-defined population having
the disease of interest

For example, according to the Centers for Disease Control and Prevention (CDC) the preva-
lence of smoking among adults in the United States in January through June 2005 was
20.9%. Proportions also play important roles in the study of survival and cure rates, the
occurrence of side effects of new drugs, the absolute and relative risks associated with a
disease, and the efficacy of new treatments and drugs.

A parameter that is related to a population proportion for a quantitative variable is
the pth percentile of the population. The pth percentile is the value in the population where
p percent of the population falls below this value. The pth percentile will be denoted by
X, for values of p between 0 and 100. Note that the percentage of the population values

TABLE 2.4 The Proportions of Blood Type and Rh

Factor
Blood Type Rh Factor

+ —_
(6] 0.38 0.07
A 0.34 0.06
B 0.09 0.02
AB 0.03 0.01
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falling below x,, is p. For example, if the 10th percentile is 2.2, then 10% of the population
values fall below the value 2.2.

Percentiles can be used to describe many different characteristics of a population
including the extreme values in the population, the typical values in the population, and the
spread of the population. Commonly used percentiles include the

e deciles that are the 10th, 20th, 30th, 40th, 50th, 60th, 70th, 80th, and 90th percentiles.

e quartiles that are the 25th, 50th, and 75th percentiles.
e quintiles that are the 20th, 40th, 60th, and 80th percentiles.

The 50th percentile is called the median, and the median will be denoted by . The
median is a measure of the typical value in the population and is a very important param-
eter for distributions that have long tails. The median also plays an important role in the
following studies:

o ID50 study that is designed to determine the median dose to infect a subject.

e LD50 study that is designed to determine the median lethal dose of a toxic material.

e L.C50 study that is designed to determine the median lethal concentration of a toxic
material.

e IC50 study that is designed to determine the median inhibition value of a drug.

e EC50 study that is designed to determine the median concentration of a compound
required to obtain the maximum effect in vivo.

Example 2.13
In studies investigating the prevalence of overweight and obesity among adults and children, the body
mass index (BMI) is a commonly used measure of obesity. The formula for BMI is

BMI = weight in kilograms

(height in rneters)2

Adults with BMI values exceeding the 85th percentile are classified as overweight. Children are
classified according to the BMI breakdown given in Table 2.5.

Also, according to the article “Varying body mass index cutoff points to describe overweight
prevalence among U.S. adults: NHANES III (1988 to 1994)” published in the Journal of Obesity
(Kuczmarski et al., 1997)

The percentage of the population with BMI < 19.0 is 1.6% for men, 5.7% for women; BMI >
19.0 to < 25.0is 39.0% for men, 43.6% for women; BMI > 25.0 is 59.4% for men, 50.7% for
women. An estimated 97.1 million adults have a BMI >>25.0. Additional prevalence estimates
based on other BMI cutoff points and ages are presented.

A BMI calculator that computes BMI for any height and weight values and determines the
percentile of the resulting BMI value can be found at the website http://www.halls.md/body-mass-
index/ bmi.htm.

TABLE 2.5 The Weight Classifications for Children Based Upon BMI

Classification BMI Range

Underweight BMI < 5th percentile

Normal weight 5th percentile < BMI < 85th percentiles
At risk for overweight 85th < BMI < 95th percentiles

Overweight BMI > 95th percentile
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2.2.4 Parameters Measuring Centrality

The two parameters in the population of values of a quantitative variable that summarize
how the variable is distributed are the parameters that measure the typical or central val-
ues in the population and the parameters that measure the spread of the values within the
population. Parameters describing the central values in a population and the spread of a
population are often used for summarizing the distribution of the values in a population;
however, it is important to note that most populations cannot be described very well with
only the parameters that measure centrality and the spread of the population.

Measures of centrality, location, or the typical value are parameters that lie in the
“center” or “middle” region of a distribution. Because the center or middle of a distribution
is not easily determined due to the wide range of different shapes that are possible with a
distribution, there are several different parameters that can be used to describe the center
of a population. The three most commonly used parameters for describing the center of a
population are the mean, median, and mode. For a quantitative variable X.

e The mean of a population is the average of all of the units in the population, and will
be denoted by u. The mean of a variable X measured on a population consisting of
N units is

sum of the values of X X
N - N

e The median of a population is the 50th percentile of the population, and will be
denoted by fi. The median of a population is found by first listing all of the values of
the variable X, including repeated X values, in ascending order. When the number
of units in the population (i.e., N) is an odd number, the median is the middle obser-
vation in the list of ordered values of X; when N is an even number, the median will
be the average of the two observations in the middle of the ordered list of X values.

e The mode of a population is the most frequent value in the population, and will be
denoted by M. In a graph of the probability density function, the mode is the value
of X under the peak of the graph, and a population can have more than one mode as
shown in Figure 2.8.

The mean, median, and mode are three different parameters that can be used to mea-
sure the center of a population or to describe the typical values in a population. These three
parameters will have nearly the same value when the distribution is symmetric or mound
shaped. For long-tailed distributions, the mean, median, and mode will be different, and the
difference in their values will depend on the length of the distribution’s longer tail. Figures
2.12 and 2.13 illustrate the relationships between the values of the mean, median, and mode
for long-tail right and long-tail left distributions.

<
=
=

Figure 2.12 The relationships between u, i, and M for a long-tail right distribution.
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kopnoM

Figure 2.13  The relationships between u, i, and M for a long-tail left distribution.

In general, the mean is the most commonly used measure of centrality and is a good
measure of the typical value in the population as long as the distribution does not have an
extremely long tail or multiple modes. For long-tailed distributions, the mean is pulled
out toward the extreme tail, and in this case it is better to use the median or mode to
describe the typical value in the population. Furthermore, since the median of a population
is based on the middle values in the population, it is not influenced at all by the length of the
tails.

Example 2.14
Consider the two populations that are listed below.

Population 1: 22,24,25,27,28,28,31,32,33,35,39,41, 67
Population 2: 22,24,25,27,28,28,31, 32,33, 35,39,41, 670

These two populations are identical except for their largest values, 67 and 670. For population 1, the
mean is

224+244+254+274+28+28+31+324+334+354+39+41+67
M 3
432

= — =33.23
13

Now, because there are 11 units in population 1, the median is the sixth observation in the ordered
list of population values. Thus, the median is 28. For population 2, the mean is

_22+24+25+27+28+28+31+32+33+35+39+41+670
My = 3
1035

Since there are also 11 units in population 2, the median is also the sixth observation in the ordered
list of population values. Thus, the median of population 2 is also 28.

Note that the mean of population 2 is more than twice the mean of population 1 even though the
populations are identical except for their single largest values. The medians of these two populations
are identical because the median is not influenced by extreme values in a population. In population
1, both the mean and median are representative of the central values of the population. In population
2, none of the population units is near the mean value, which is 79.63. Thus, the mean does not
represent the value of a typical unit in population 2. The median does represent a fairly typical value
in population 2 since all but one of the values in population 2 are relatively close to the value of the
median.

The previous example illustrates the sensitivity of the mean to the extremes in a long-
tailed distribution. Thus, in a distribution with an extremely long tail to the right or left, the
mean will often be less representative than the median for describing the typical values in
the population.
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Recall that a multi-modal distribution generally indicates there are distinct subpop-
ulations and the subpopulations should be described separately. When the population
consists of well-defined subpopulations, the mean, median, and mode of each subpopu-
lation should be the parameters of interest rather than the mean, median, and mode of the
overall population. Furthermore, in a study with a response variable and an explanatory
variable, the mean of the subpopulation of response values for a particular value of the
explanatory variable is called a conditional mean and will be denoted by uy|x. Condi-
tional means are often modeled as functions of an explanatory variable. For example, if
the response variable is the weight of a 10-year-old child and the explanatory variable is
the height of the child, then the distribution of weights conditioned on height is a condi-
tional distribution. In this case, the mean weight of the conditional distributions would be
a conditional mean and could be modeled as a function of the explanatory variable height.

Example 2.15
The distribution of the age of onset of obsessive compulsive disorder given in Figure 2.14 is bimodal
indicating there are possibly two subpopulations.

The mean value of the age of onset for OCD is u = 16.2, which is not representative of a
typical value in either subpopulation. OCD has two clinical diagnoses, Child Onset OCD and Adult
Onset OCD, and the mean values of these subpopulations are uc = 10.3 and u, = 25, respectively,
and clearly, the subpopulation mean values provide more information about their typical values than
does the overall mean. The distributions of the Child Onset OCD and Adult Onset OCD are given in
Figure 2.15.

Finally, for distributions with extremely long tails, another parameter that can be
used to measure the center of the population is the geometric mean. The geometric mean
is always less than or equal to the mean (u) and is not as sensitive to the extreme values in

T T T | T T | |
0 5 10 15 20 25 30 35 40 45
Age of onset of OCD

Figure 2.14 The distribution of the age of onset of obsessive compulsive disorder.

T 1 T 1 T 1 T T T T T T 1
0 5 10 15 20 0 5 10 15 20 25 30 35 40 45
Age of onset of OCD for children Age of onset of OCD for adults

Figure 2.15 The distributions of the age of onset of Child Onset and Adult Onset OCD.
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the population as the mean is. The geometric mean will be denoted by GM and is defined
as

GM = (product of all of the X Values)l/ N

where N is the number of units in the population. That is,

GM = (X; X X, X X3 X - X X3)'™

where the X values for the N units in the population are X1, X,, X3, ..., Xy

Example 2.16
The distribution given below has a long tail to the right.

22,24,25,27,28,28,31,32,33,35,39,41, 670

In a previous example, u was computed to be 79.63. The geometric mean for this population is

(22><24><25><27><28X28X31><32X33><35X39X41><670)% =294

Thus, even though there is an extremely large and atypical value in this population, the geometric
mean is not sensitive to this value and is a more reasonable parameter for representing the typical
value in this population. In fact, the geometric mean and median are very close for this population
with GM = 29.4 and 7 = 28.

2.2.5 Measures of Dispersion

While the mean, median, and mode of a population describe the typical values in the pop-
ulation, these parameters do not describe how the population is spread over its range of
values. For example, Figure 2.16 shows two populations that have the same mean, median,
and mode but different spreads.

Even though the mean, median, and mode of these two populations are the same,
clearly, population I is much more spread out than population II. The density of population
II is greater at the mean, which means that population II is more concentrated at this point
than population I.

When describing the typical values in the population, the more variation there is in a
population the harder it is to measure the typical value, and just as there are several ways
of measuring the center of a population there are also several ways to measure the variation
in a population. The three most commonly used parameters for measuring the spread of a
population are the variance, standard deviation, and interquartile range. For a quantitative
variable X

e the variance of a population is defined to be the average of the squared deviations
from the mean and will be denoted by o or Var(X). The variance of a variable X

I\ — Population II

/

Population I

Figure 2.16 Two different populations having the same mean, median, and mode.
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measured on a population consisting of N units is

sum of all(deviations from w)* (X — w)?

2
g N N

o the standard deviation of a population is defined to be the square root of the variance
and will be denoted by o or SD(X).

SD(X) = o = Vo? = VVar(X)

e the interquartile range of a population is the distance between the 25th and 75th
percentiles and will be denoted by IQR.

IQR = 75th percentile — 25th percentile = X75 — X5

Note that each of these measures of spread is a positive number except in the rare case
when there is absolutely no variation in the population, in which case they will all be equal
to 0. Furthermore, the larger each of these values is the more variability there is in the
population. For example, for the two populations in Figure 2.16 the standard deviation of
population I is larger than the standard deviation of population II.

Because the standard deviation is the square root of the variance, both ¢ and o2 con-
tain equivalent information about the variation in a population. That is, if the variance is
known, then so is the standard deviation and vice versa. For example, if Var(X) = o2 = 25,
then the standard deviation is o = \/E = 5, and if SD(X) = o = 20, then Var(X) = 02 =
20? = 400. The standard deviation is generally used for describing the variation in a popu-
lation because the units of the standard deviation are the same as the units of the variable;
the units of the variance are the units of the variable squared. Also, the standard deviation
is roughly the size of a typical deviation from the mean of the population. For example,
if X is a variable measured in cubic centimeters (cc), then the standard deviation is also
measured in cc’s but the variance will be measured in cc? units.

The interquartile range also measures the variability in a population by measuring the
distance between the first and third quartiles (i.e., the 25th and 75th percentiles), and there-
fore, the interquartile range measures the distance over which the middle 50% of the popu-
lation lies. The larger IQR is, the wider the range in which the middle 50% of the population
lies. Figure 2.17 shows the relationship between the IQR and the quartiles of a population.

Like the median, the interquartile range is unaffected by the extremes in a popu-
lation. On the other hand, the standard deviation and variance are heavily influenced by
the extremes in a population. The shape of the distribution influences the parameters of a
distribution and dictates which parameters provide meaningful descriptions of the charac-
teristics of a population. However, for a mound-shaped distribution, the standard deviation
and interquartile range are closely related with o =~ 0.75- IQR.

Middle 50%

X5 X75
«— IQR —

Figure 2.17 IQR is the distance between X5 and X,s.
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Example 2.17
Consider the two populations listed below that were used in Example 2.14.

Population 1: 22,24,25,27,28,28,31,32,33,35,39,41, 67
Population 2: 22,24,25,27,28,28, 31, 32,33,35,39,41, 670

Again, these two populations are identical except for their largest values, 67 and 670. In Example
2.17, the mean values of populations 1 and 2 were found to be y; = 33.23 and u, = 79.63. The
variances of these two populations are crf = 134.7 and og = 31498.4, and the standard deviations

are 0 = V134.7 = 11.6 and 0, = \31498.4 = 177.5. By changing the maximum value in the
population from 67 to 670, the standard deviation increased by a factor of 15. In both populations,
the 25th and 75th percentiles are 26 and 37, respectively, and thus, the interquartile range for both
populations is IQR = 37 — 26 = 11.

For mound-shaped distributions, the standard deviation is a good measure of spread,
and the mean and standard deviation can be used to summarize the distribution of a mound-
shaped distribution reasonably well. The Empirical Rules, which are given below, illustrate
how the mean and standard deviation can be used to summarize the percentage of the pop-
ulation units lying within one, two, or three standard deviations of the mean. The empirical
rules are presented in Figures 2.18-2.20.

THE EMPIRICAL RULES
For populations having mound-shaped distri- the mean. That is, roughly 95% of the
butions, population values fall between the values

— 20 and u + 20.
1. Roughly 68% of all of the population # amcp

values fall within 1 standard deviation of 3. Roughly 99% of all the population val-
the mean. That is, roughly 68% of the ues fall within 3 standard deviations of
population values fall between the values the mean. That is, roughly 99% of the

population values fall between the values

u—ocand u+o.
pu—30and u + 30.

2. Roughly 95% of all the population val-
ues fall within 2 standard deviations of

Empirical rule: one standard deviation

0.4 -

0.3 1

Density
o
N

0.11

0.0
-6 @ pto

X

Figure 2.18 The one-standard deviation empirical rule; roughly 68% of a mound-shaped
distribution lies between the values u — o and u + o.
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Empirical rule: two standard deviations

0.4 -

0.0 4

u-20 u U+2o

X

Figure 2.19 The two-standard deviation empirical rule; roughly 95% of a mound-shaped
distribution lies between the values u — 20 and u + 20.

Empirical rule: three standard deviations

0.4 4

0.0 “u-30 u u+30

X

Figure 2.20 The three-standard deviation empirical rule; roughly 99% of a mound-shaped
distribution lies between the values u — 30 and u + 30.

2.2.6 The Coefficient of Variation

43

The standard deviations of two populations resulting from measuring the same variable can
be compared to determine which of the two populations is more variable. That is, when one
standard deviation is substantially larger than the other (i.e., more than two times as large),
then clearly the population with the larger standard deviation is much more variable than
the other. It is also important to be able to determine whether a single population is highly
variable or not. A parameter that measures the relative variability in a population is the
coefficient of variation. The coefficient of variation will be denoted by CV and is defined

to be

cv =2

||

The coefficient of variation is also sometimes represented as a percentage in which case

cv =< x100%

||
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The coefficient of variation compares the size of the standard deviation with the size
of the mean. When the coefficient of variation is small, this means that the variability in
the population is relatively small compared to the size of the mean of the population. On
the other hand, when the coefficient of variation is large, this indicates that the population
varies greatly relative to the size of the mean. The standard for what is a large coefficient
of variation differs from one discipline to another, and in some disciplines a coefficient
of variation of less than 15% is considered reasonable, and in other disciplines larger or
smaller cutoffs are used.

Because the standard deviation and the mean have the same units of measurement,
the coefficient of variation is a unitless parameter. That is, the coefficient is unaffected by
changes in the units of measurement. For example, if a variable X is measured in inches
and the coefficient of variation is CV = 2, then coefficient of variation will also be 2 when
the units of measurement are converted to centimeters. The coefficient of variation can also
be used to compare the relative variability in two different and unrelated populations; the
standard deviation can only be used to compare the variability in two different populations
based on similar variables.

Example 2.18
Use the means and standard deviations given in Table 2.6 for the three variables that were measured
on a population to answer the following questions:

a. Determine the value of the coefficient of variation for population I.
b. Determine the value of the coefficient of variation for population II.
c. Determine the value of the coefficient of variation for population III.

d. Compare the relative variability of each variable.
Solutions

a. The value of the coefficient of variation for population I is CV; = % =0.25.

b. The value of the coefficient of variation for population Il is CVy; = 1—50 = 0.5.

¢. The value of the coefficient of variation for population III is CVy;; = % =0.5.

d. Populations II and III are relatively more variable than population I even though the standard
deviations for populations II and III are smaller than the standard deviation of population I.
Populations II and III have the same amount of relative variability even though the standard

deviation of population III is one-hundredth that of population II.

The previous example illustrates how comparing the absolute size of the standard
deviation is relevant only when comparing similar variables. Also, interpreting the size of
a standard deviation should take into account the size of a typical value in a population. For
example, a standard deviation of o = 0.01 might appear to be a small standard deviation;
however, if the mean was y = 0.006, then this would be a very large standard deviation

TABLE 2.6 The Means and Standard Deviations for
Three Different Variables

Variable u o}
1 100 25
I 10 5

I 0.10 0.05
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(CV = 167%); on the other hand, if the mean was u = 5.2, then ¢ = 0.01 would be a small
standard deviation (CV = 0.2%).

2.2.7 Parameters for Bivariate Populations

In most biomedical research studies, there are many variables that will be recorded on each
individual in the study. A multivariate distribution can be formed by jointly tabulating,
charting, or graphing the values of the variables over the N units in the population. For
example, the bivariate distribution of two variables, say X and Y, is the collection of the
ordered pairs

(Xls Yl)’ (X25 YZ)’ (X3: Y3)9 eeey (XN5 YN)

These N ordered pairs form the units of the bivariate distribution of X and Y and their joint
distribution can be displayed in a two-way chart, table, or graph.

When the two variables are qualitative, the joint proportions in the bivariate distribu-
tion are often denoted by p,,, where

Dap = proportion of pairs in population where X =aandY = b

The joint proportions in the bivariate distribution are then displayed in a two-way table or
two-way bar chart. For example, according to the American Red Cross, the joint distribution
of blood type and Rh factor is given in Table 2.7 and presented as a bar chart in Figure 2.21.

TABLE 2.7 The Distribution of Blood Type by Rh
Factor According to the American Red Cross

Blood Type Rh Factor

+ —_
(6} 38% 7%
A 34% 6%
B 9% 2%
AB 3% 1%

O+ O- A+ A- B+ B- AB+ AB-

Figure 2.21 The joint distribution of blood type and Rh factor according to the American Red
Cross.
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In a bivariate distribution where one of the variables is quantitative and the other is
qualitative, the best way to graphically present the distribution is to separate the distribution
into subpopulations according to the values of the qualitative distribution. For example, if
W = the weight of an individual and G = the sex of an individual, then the best way to
present the bivariate distribution of weight and gender is to present the two subpopulations
separately as shown in Figure 2.22.

In a multivariate population, the subpopulations remain important, and the individual
subpopulation proportions, percentiles, mean, median, modes, standard deviation, variance,
interquartile range are important parameters that can still be used to summarize each of the
subpopulations.

In a bivariate distribution where both of the variables are quantitative, a three-
dimensional graph can be used to represent the joint distribution of the variables. The joint
distribution is displayed as a three-dimensional probability density graph with one axis for
each of the variables and the third axis representing the joint density at each pair (X,Y);
however, three-dimensional density plots are sometimes difficult to interpret. An example
of a three-dimensional density plot is given in Figure 2.23.

To summarize the bivariate distribution of two quantitative variables, proportions,
percentiles, mean, median, mode, standard deviation, variance, and interquartile range can
be computed for each variable. In a bivariate distribution, the parameters associated with
each separate variable are distinguished from each other by the use of subscripts. For
example, if the two variables are labeled X and Y, then the mean, median, mode, standard

T T T T 1 f T T T 1
80 110 140 170 200 75 125 175 225 275

‘Women Men

Figure 2.22 The distribution weight for the subpopulations of mean and women.
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Figure 2.23 A density plot for a bivariate distribution.
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deviation, variance, and interquartile range of the population associated with the variable
X will be denoted by

My ﬁx’ Mx9 Oxs O'ch: IQRx

and similarly for Y
:uyv ﬁya My’ O-y, G;» IQRy

A parameter that measures the joint relationship between two quantitative variables,
say X and Y, is the correlation coefficient that will be denoted by p. The correlation
coefficient measures the linear relationship between X and Y. That is, p measures the over-
all agreement between the pairs (X, Y) and the line Y = aX +b. The correlation coefficient
is defined as

Con(X.Y) = p = 1/N Z(Xa— gx)(Y — Ky)
x%y

where p,, u, and o, o, are the means and standard deviations of X and Y, respectively.

The correlation coefficient is a unitless parameter that falls between —1 and 1. That
is, the correlation between X and Y does not depend on the particular scales of units the
variables are measured in. For example, if X is the height of an individual in pounds and
Y is the height of an individual in inches, then the value of the correlation coefficient will
be the same when X is measured in kilograms and Y is measured in centimeters. Also,
the correlation between X and Y is the same as the correlation between Y and X (i.e.,
Corr(X,Y) = Corr(Y, X)).

It is important to note that the correlation coefficient can be used only with two quan-
titative variables and only measures the strength of the linear relationship between X and
Y. A positive value of the correlation coefficient suggests that the larger values of X are
more likely to occur with the larger values of Y and the smaller values of X with the smaller
values of Y. A negative correlation indicates the larger values of X are more likely to occur
with the smaller values of Y and the smaller values of X with the larger values of Y. Several
properties of the correlation coefficient are listed below.

1. The value of the correlation coefficient is always between —1 and 1 (i.e., —1 <
0 < 1). When the correlation coefficient equals —1 or 1, the variables X and Y are
said to be perfectly correlated. When two variables X and Y are perfectly correlated,
the linear relationship is exact and Y = aX + b for some values a and b. In this case,
the value of Y is determined by the value of X. Furthermore, when p = —1 the value
of b will be negative, and when p = 1 the value of b will be positive.

2. When p # +1, the value of Y cannot be perfectly predicted from the value of X and
the relationship is

Y=aX+b+¢

where ¢ is an error term associated with the deviation from the linear relationship.
The closer p is to +1, the stronger the linear relationship between the variables X and
Y.

3. The strength of the linear relationship between X and Y is based on the value of the
correlation coefficient and is often summarized according to the following guidelines:

(a) —0.30 < p < 0.30 indicates at most a very weak linear relationship,
(b) —0.50 < p £ —0.30 or 0.30 < p < 0.50 indicates a weak linear relationship,
(¢) —0.80 < p £ —0.50 or 0.50 < p < 0.80 indicates a moderate linear relationship,
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(d) —0.90 < p < —0.80 or 0.80 < p < 0.90 indicates a strong linear relationship,
(e) p < —0.90 or p > 0.90 indicates a very strong linear relationship.

However, any discussion of the strength of the linear relationship between two vari-
ables must take into account the standards used in the discipline in which the research
is being carried out.

4. When p = 0, there is no apparent linear relationship between the two variables.
However, this does not exclude the possibility that there is a curvilinear relationship
between the two variables.

In a multivariate distribution with more than two quantitative variables, the corre-
lation coefficient can be computed for each pair of variables. For example, with three
quantitative variables, say X, Y, and Z, the three correlation coefficients that can be com-
puted are Corr(X,Y) = py,, Corr(X, Z) = py,, and Corr(Y, Z) = p,,. In most biomedical
studies, there is a well-defined response variable and a set of explanatory variables. Since
the changes in the explanatory variables are believed to cause changes in the response vari-
able, the most important correlations to consider are those between the response variable
and each of the explanatory variables.

Finally, correlation should not be confused with causation. A causal relationship
exists when changing the value of X directly causes a change in the value of Y or vice
versa. The correlation coefficient only measures the tendency for the value of Y to increase
or decrease linearly with the values of X. Thus, a high correlation between X and Y does
not necessarily indicate that changes in X will cause changes in Y. For example, there is
a positive correlation between the number of times an individual on a diet weighs them-
selves in a week and their weight loss. Clearly, the number of times an individual weighs
themselves does not cause a change in their weight. Causal relationships must be supported
by honest logical and scientific reasoning. With the proper use of scientific principles and
well-designed experiments, high correlations can often be used as evidence supporting a
causal relationship.

2.3 PROBABILITY

In a data-based biomedical study, a random sample will be selected from the target popula-
tion and a well-designed sampling plan requires knowing the chance of drawing a particular
observation or set of observations. For example, it might be important to know the chance
of drawing a female individual or an individual between the ages of 30 and 60. In other
studies, it might be important to determine the likelihood that a particular genetic trait will
be passed from the parents to their offspring.

A probability is a number between 0 and 1 that measures how likely it is for an event
to occur. Probabilities are associated with tasks or experiment where the outcome cannot
be determined without actually carrying out the task. A task where the outcome cannot
be predetermined is called a random experiment or a chance experiment. For example,
prior to treatment it cannot be determined whether chemotherapy will improve a cancer
patient’s health. Thus, the result of a chemotherapy treatment can be treated as a chance
experiment before chemotherapy is started. Similarly, when drawing a random sample from
the target population, the actual values of the sample will not be known until the sample is
actually collected. Hence, drawing a random sample from the target population is a chance
experiment.
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Because statistical inferences are based on a sample from the population rather than
a census of the population, the statistical inferences will have a degree of uncertainty asso-
ciated with them. The measures of reliability for statistical inferences drawn from a sample
are based on the underlying probabilities associated with the target population.

In a chance experiment, the actual outcome of the experiment cannot be predeter-
mined, but it is important for the experimenter to identify all of the possible outcomes of
the experiment before it is carried out. The set of all possible outcomes of a chance experi-
ment is called the sample space and will be denoted by . A subcollection of the outcomes
in the sample space is called an event, and the probability of an event measures how likely
the event is. An event is said to occur when a chance experiment is carried out and the
chance experiment results in one of the outcomes in the event. For example, in a chance
experiment consisting of randomly selecting an adult from a well-defined population, if A
is the event that an individual between the ages of 30 and 60 is selected, then the event A
will occur if and only if the age of the individual selected is between 30 and 60; if the age
of the individual is not between 30 and 60, then the event A will not occur.

Probabilities are often used to determine the most likely outcome of a chance exper-
iment and for assessing how likely it is for an observed data set to support a research
hypothesis. The probability of an event A is denoted by P(A), and the probability of
an event is always a number between 0 and 1. Probabilities near 0 indicate an event
rarely occurs and probabilities near 1 indicate an event is likely to occur. Probabilities
are sometimes also expressed in terms of percentages in which case the percentage is sim-
ply the probability of the event times 100. When probabilities are expressed in terms of
percentages, they will be between 0 and 100%.

Example 2.19
Suppose an individual is to be drawn at random and their blood type is identified. Prior to drawing a
blood sample and typing it, an individual’s blood type is unknown, and thus, this can be treated as a
chance experiment. The four possible blood types are O, A, B, and AB, and hence, the sample space
is 8 = {O,A,B,AB}. Furthermore, according to the American Red Cross, the probabilities of each
blood type are

P(0) = 0.45,P(A) = 0.40, P(B) = 0.11, P(AB) = 0.04
Thus, if a person is drawn at random the probability that the person will have blood type AB is 0.04.

The probabilities associated with a chance experiment and a sample space § must
satisfy the following four properties known as the Axioms of Probability.

THE AXIOMS OF PROBABILITY

e Probabilities are always greater than or e When two events have no outcomes in
equal to 0. That is, P(A) > 0 for any common, then the probability that at
event A. least one of the two events occurs is the

e The probability of the sample space is sum of their probabilities. That is,

1. That is, P(§) = 1, which means
when the experiment is carried out it will

result in one of the outcomes in 8. B i l2) = AL 3 ()
e The probability of every event is
between 0 and 1. That is, 0 < P(A) <1 when A and B have no outcomes in

for every event A. common.
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Events that have no outcomes in common are called disjoint events or mutually exclu-
sive events. If A and B are disjoint events, then the probability of the event “A and B” is 0.
That is, it is impossible for the events to occur simultaneously.

2.3.1 Basic Probability Rules

Determining the probabilities associated with complex real-life events often requires a great
deal of information and an extensive scientific understanding of the structure of the chance
experiment being studied. In fact, even when the sample space and event are easily iden-
tified, the determination of the probability of an event can be an extremely difficult task.
For example, in studying the side effects of a drug, the possible side effects can generally
be anticipated and the sample space will be known. However, because humans react differ-
ently to drugs, the probabilities of the occurrence of the side effects are generally unknown.
The probabilities of the side effects are often estimated in clinical trials.

The following basic probability rules are often useful in determining the probability
of an event.

1. When the outcomes of a random experiment are equally likely to occur, the proba-
bility of an event A is the number of outcomes in A divided by the number of simple
events in 8. That is,

P(A) = number of simple eventsin A N(A)

number of simple events in 8~ N(S)

2. For every event A, the probability of A is the sum of the probabilities of the outcomes
comprising A. That is, when an event A is comprised of the outcomes O, O,, ..., Oy,
the probability of the event A is

P(A) = P(0y) + P(Oy) + -+ + P(Oy)

3. For any two events A and B, the probability that either event A or event B occurs is
P(A or B) = P(A) + P(B) — P(A and B)
4. The probability that the event A does not occur is 1 minus the probability that the
event A does occur. That is,

P(A does not occur) = 1 — P(A)

Example 2.20
Table 2.8 gives a breakdown of the pool of 242 volunteers for a university study on rapid eye
movement (REM). Use Table 2.8 to determine the probability that

TABLE2.8 Summary Table for the n = 242 Volunteers
in a University Study of Rapid Eye Movement (REM)

Gender Age

<18 18-20 21-25 >25

Female 3 58 42 25
Male 1 61 43 9
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a. a female volunteer is selected,
b. a male volunteer younger than 21 is selected,

c. a male volunteer or a volunteer older than 25 is selected.

Solutions Let F be the event a female volunteer is selected, M the event a male volunteer is selected,
21 the event a volunteer younger than 21 is selected, and 25 the event that a volunteer older than 25 is
selected. Since a volunteer will be selected at random, each volunteer is equally likely to be selected,
and thus,

a. the probability that a female volunteer is selected is

3+58+42+24

P(F) = 242

0.53

b. the probability that a male volunteer younger than 21 is selected is

1+61

P(Mand21) = 213

=0.26

c. the probability that a male volunteer or a volunteer older than 25 is selected is

P(M or 25) = P(M) + P(25) — P(M and 25)
_1+61+43+9 34 9

242 Yo T 2z
=057

Example 2.21
Use table of percentages for blood type and Rh factor given in Table 2.9 to determine the probability
that a randomly selected individual

a. has Rh positive blood,
b. has type A or type B blood,
¢. has type A blood or Rh positive blood.

Solutions Based on the percentages given in Table 2.9

a. Rh positive blood is O+, A+, B+, and AB+, and thus, the probability that a randomly selected
individual has Rh positive blood is

P(Rh positive blood) = P(O+) + P(A+) + P(B+) + P(AB+)
=0.38 + 0.34 + 0.09 + 0.03 = 0.84

b. type A or type B blood is A+, A—, B+, B—. Thus,

P(A or B blood type) = P(A+) + P(A-) + P(B+) + P(B—)
= 0.34 4+ 0.06 + 0.09 + 0.02 = 0.51

c. the probability an individual has type A blood or Rh positive blood is

P(A or Rh positive) = P(A) + P(Rh positive) — P(A and Rh positive)
= 0.40 + 0.84 — 0.34 = 0.90
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TABLE 2.9 The Percentages of Each
Blood Type and Rh Factor

Blood Type Rh Factor

+ a—
o 38% 7%
A 34% 6%
B 9% 2%
AB 3% 1%

2.3.2 Conditional Probability

In many biomedical studies, the probabilities associated with a qualitative variable will be
modeled. A good probability model will take into account all of the factors believed to
cause or explain the occurrence of the event. For example, the probability of survival for
a melanoma patient depends on many factors including tumor thickness, tumor ulceration,
gender, and age. Probabilities that are functions of a particular set of conditions are called
conditional probabilities.

Conditional probabilities are simply probabilities based on well-defined subpopula-
tions defined by a particular set of conditions (i.e., explanatory variables). The conditional
probability of the event A given that the event B has occurred is denoted by P(A|B) and is
defined as

P(A N B)
P(B)
provided that P(B) # 0. Specifying that the event B has occurred places restrictions on the

outcomes of the chance experiment that are possible. Thus, the outcomes in the event B
become the subpopulation upon which the probability of the event A is based.

P(A|B) =

Example 2.22

Suppose that in a population of 100 units 35 units are in event A, 48 of the units are in event B, and
22 units are in both events A and B. The unconditional probability of event A is P(A) = % = 0.35.
The conditional probability of event A given that event B has occurred is

22
P(A|B) = % ~ 046

In this example, knowing that event B has occurred increases the probability that event A will occur
from 0.35 to 0.46. That is, event A is more likely to occur if it is known that event B has occurred.

Since conditional probabilities are probabilities, the rules associated with conditional
probabilities are similar to the rules of probability. In particular,

1. conditional probabilities are always between 0 and 1. That is, 0 < P(A|B) < 1.
2. P(A does not occur|B) = 1 — P(A|B).
3. P(A or B|C) = P(A|C) + P(B|C) — P(A and B|C).
Conditional probabilities play an important role in the detection of rare diseases and
the development of screening tests for diseases. Two important conditional probabilities
used in disease detection are the sensitivity and specificity. The sensitivity is defined to be

the conditional probability of a positive test for the subpopulation of individuals having
the disease (i.e., P(+|D)), and the specificity is defined to be the conditional probability
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of a negative test for the subpopulation of individuals who do not have the disease (i.e.,
P(—|not D)). Thus, the sensitivity of a diagnostic test measures the accuracy of the test for
a individual having the disease, and the specificity measures the accuracy of the test for
individuals who do not have the disease.

The probability that an individual will test positive in a diagnostic test is a weighted
average of the proportion of correct diagnoses (i.e., true positives) and the false diagnoses
(i.e., false positives). The formula for computing the probability that an individual tests
positive is

P(+) = P(+|D) x P(D) + P(+|not D) X P(not D)

= sensitivity X prevalence + (1 — specificity) X (1 — prevalence)

A good diagnostic test for detecting a disease must have high sensitivity and speci-
ficity to ensure that it is unlikely that the test will report a false positive or a false negative
result. The probability that an individual has the disease given the test is positive is known
as the positive predictive value (PPV), and the PPV of a test can be computed from the
prevalence of the disease, the sensitivity of the diagnostic test, and the specificity of the
test. The formula for the PPV associated with a diagnostic test is

sensitivity X prevalence

PPV =P(D|+) = — —
sensitivity X prevalence + (1 — specificity) X (1 — prevalence)

The probability that an individual does not have the disease given the test is negative
is known as the negative predictive value (NPV). The formula for computing the NPV is

specificity X (1 — prevalence)

NPV = P(not D|—) = — —
specificity X (1 — prevalence) + (1 — sensitivity) X prevalence

The positive predictive value measures the accuracy of a positive test result and the
negative predictive value measures the accuracy of a negative test result. The closer PPV
and NPV are to one, the better a diagnostic test is.

Example 2.23
Suppose the prevalence of HIV/AIDs is 5% among a particular population and an Enzyme-Linked
Immuno Sorbent Assay (ELISA) test for diagnosing the presence of the HIV/AIDS virus has been
developed. If the sensitivity of the ELISA test is 95% and the specificity is 99%, then the probability
that an individual has the HIV/AIDS virus given the ELISA test is positive (i.e., PPV) is
PPV =P(D|+) = 095 X 0.05 =0.83
0.95 % 0.05 + (0.01) x (0.95)
Thus, an individual having a positive ELISA test has a 83% chance of having the HIV/AIDS virus.
The negative predictive value for this ELISA test is
0.99 X 0.95
NPV = P(not DI) = 5555095 + 0.05 x 005 ~ %7
Thus, an individual having a negative ELISA test has a 99.7% chance of not having the HIV/AIDS
virus.
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Example 2.24

Suppose a new infectious disease has been identified, and the prevalence of this disease is P(D) =
0.001. Given that a person has the disease, the probability that the diagnostic test used to diagnose
this disease is positive is P(+|D) = 0.999, and given that a person does not have the disease, the
probability that the test is positive is P(+|not D) = 0.01. Then,

a. The sensitivity of the test is 0.999 and the specificity of the test is 0.99.
b. The probability of a positive test result is

P(+) = P(+|D) X P(D) + P(+|not D)P(not D)
= 0.999(0.001) + 0.01(.999) = 0.011
Thus, there is only a 1.1% chance that an individual will test positive for the disease. The

reason why a positive test is so rare is that this disease is extremely rare since P(D) = 0.001.
¢. The positive predictive value associated with this test is

0.999 x 0.001
PPV = P(DI+) = 55555 0.001 + 0,01 x 0.099 ~ %
Thus, there is only a 9% chance that an individual who tests positive for the disease will
actually have the disease. This test has very low positive predictive value and is not very
reliable for people who test positive.

d. The negative predictive value associated with this test is

0.99 X 0.999
PV =P D|-) = =0.
N (not DI-) .99 % 0.999 + 0.001 X 0.001 0.999999
Thus, this test has extremely high negative predictive value and is extremely reliable for
people who test negative.

Thus, the probability of having the disease given the test is positive is roughly 100
times the unconditional probability of having the disease. Furthermore, in this example
it is still highly unlikely that an individual has the disease even when the test is positive
(P(D]+) = 0.09, and hence, this is not a very informative diagnostic test.

2.3.3 Independence

In some cases, the unconditional probability and the conditional probability will be the
same. In this case, knowing that the event B occurred does not change the likelihood that
the event A will occur. When the unconditional probability of an event A is the same as the
conditional probability of the event A given the event B, the events A and B are said to be
independent events.

INDEPENDENT EVENTS
Two events A and B are independent if and only 2. The probability of event B occurring is
if one of the following conditions is met: the same whether A occurred or not.
That is,
1. The probability of event A occurring is an
the same whether B occurred or not. That P(B|A) = P(B)

is,

P(A|B) = P(A)

When two events are not independent, they are said to be dependent events. For
example, the event that an individual has lung cancer and the event an individual has
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smoked a pack of cigarettes a day for several years are dependent events. On the other
hand, the event an individual has lung cancer and the event an individual has blonde hair
would be expected to be independent events.

If the events A and B are known to be independent, then the probability that A and
B both occur is simply the product of their respective probabilities. That is, when A and B
are independent

P(A and B) = P(A)P(B)

Example 2.25
The genders of successive offspring of human parents are known to be independent events. If the
probability of having a male offspring is 0.48, then probability of having

a. two male offspring is

P(Male and Male) = P(Male)P(Male) = 0.48(0.48) = 0.23

b. a male followed by a female offspring is

P(Male followed by a Female) = P(Male)P(Female) = 0.48(0.52)
=0.25

c. amale and a female offspring is

P(Male and Female) = P(Male then a Female) + P(Female then a Male)
= P(Male)P(Female) + P(Female)P(Male)
= 0.48(0.52) + 0.52(0.48) = 0.23 + 0.25 = 0.48

d. five female offspring is

P(5 Female) = P(Female)P(Female)P(Female)P(Female)P(Female)
= (0.52)5 = 0.04

e. the second offspring is a male given that the first was a female is 0.48 since successive births
are independent. That is, since the successive offspring are independent

P(M|F) = P(M)

When the events A and B are independent so are the events A and not B, not A and
B, and not A and not B. Thus,

P(A and not B) = P(A)P(not B) = P(A) (1 — P(B))
P(not A and B) = P(not A)P(B) = (1 — P(A))P(B)
P(not A and not B) = P(not A)P(not B) = (1 — P(A))(1 — P(B))

Example 2.26

Achondroplasia is a genetic disorder related to dwarfism caused by an abnormal gene on one of the
23 chromosome pairs. Twenty percent of the individuals having achondroplasia inherit a mutated
gene from their parents. An individual inherits one chromosome from each parent. It takes only one
abnormal gene from a parent to cause dwarfism and two abnormal genes can cause death. If only one
parent has a mutated gene then, there is a 50% chance that a child will receive this gene and inherit
achondroplasia. On the other hand, if both parents have achondroplasia, there is a 50% chance that
each parent will pass on the gene. Thus, because the parents’ genes are passed on independently,
there is a 25% chance that a child will inherit neither gene, a 50% chance that the child will inherit
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only one abnormal gene, and a 25% chance that the child will inherit two abnormal genes and be at
risk of death. To see this, suppose each parent has achondroplasia and let

A = the event the father passes on the abnormal gene
and
B = the event the mother passes on the abnormal gene
Then, A and B are independent and P(A) = P(B) = 0.5, and the probability that the child inherits
a. no abnormal genes is

P(not A and not B) = P(not A)P(not B) = (1 —0.5)(1 — 0.5) = 0.25

b. only one abnormal gene is
= P(not A)P(B) + P(A)P(not B)
=(1-0.5)(0.5) + 0.5(1 — 0.5) = 0.25 + 0.25 = 0.5

c¢. inherits two abnormal genes is

P(A and B) = P(A)P(B) = 0.5(0.5) = 0.25

Independence plays an important role in data collection and the analysis of the
observed data. In most statistical applications, it is important that the observed data val-
ues are independent of each other. That is, knowing the value of one observation does not
influence the value of any other observation.

2.3.4 The Relative Risk and the Odds Ratio

Many biomedical research studies concern the incidence of a particular disease or condi-
tion. The absolute risk (AR) of a disease is the probability that an individual develops the
disease. Most conditions/diseases are affected by risk factors that increase the incidence of
the disease. For example, it is well known that the risk factor smoking cigarettes increases
an individual’s chance of developing lung cancer.

An important research question that is often asked in the study of a disease is whether
or not the disease is independent of a particular risk factor. When the disease is independent
of the risk factor, the risk factor does not increase or decrease the incidence of the disease.
On the other hand, when the disease is dependent on the risk factor, the risk factor does
affect the chance of having this disease, and in this case, the disease is said to be associated
with the risk factor.

In a prospective study where the risk factor is either labeled present or absent, exposed
or unexposed, or treated or untreated, an important measure of the strength of the associa-
tion between the disease and the risk factor is the relative risk (RR), which is also known
as the risk ratio. The relative risk is the ratio of the probability of having the disease when
the risk factor is present and the probability of having the disease when the risk factor is
absent. In particular, the formula for the relative risk is

_ P(DiseaselRisk Factor Present)

RR =
P(DiseaselRisk Factor Absent)

Note that the relative risk is only appropriate for prospective studies, it takes on values
between 0 and oo, and it is one when the disease is independent of the risk factor. When the
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relative risk is close to 1, there is only a small difference in the probabilities of having the
disease when the risk factor is present or absent, and therefore, the relative risk suggests
that the risk factor does not have much influence on the incidence of the disease. A risk
ratio larger than 1 suggests there is an increased risk of the disease when the risk factor is
present, and a risk ratio smaller than 1, suggests there is decreased risk of the disease when
the risk factor is absent.

The larger the relative risk is, the more likely it is for an individual to have the disease
when the risk factor is present. For example, if the relative risk is RR = 5.8, then the disease
is 5.8 times as likely when the risk factor is present than when it is absent.

Example 2.27
Suppose in a prospective study, the probability of having the disease given a particular risk factor is

present is 0.10, and the probability of having the disease when the risk factor is absent is 0.02. Then,
the relative risk of the disease for this risk factor is RR = % = 5. Thus, the disease is five times as

likely when the risk factor is present.

Finally, in the presence of a significant relative risk, it is also important to look at
the absolute risk to assess the practical significance of the risk factor. For example, if the
relative risk is RR = 10, but the absolute risk is AR = 0.000001, then the disease is very
rare and even with the presence of the risk factor the risk is only 1 in 100,000. Thus, when
the absolute risk of the disease is small, large values of relative risk may not truly indicate
significant effects of having the risk factor. Also, when the absolute risk of the disease is
large, a relative risk close slightly larger than 1 can indicate a significant effect due to the
risk factor. Therefore, it is recommended that both the absolute risk and the relative risk be
reported with the results of the study.

Because the relative risk can only be used in prospective studies, an alternative mea-
sure of the association of the disease and risk factor is required for retrospective studies. The
odds ratio (OR) is an alternative measure of association that can be used in both prospective
and retrospective studies.

The odds ratio is based on the odds of having the disease rather than the probability
of having the disease. The odds of having the disease is ratio of the probability of having
the disease to the probability of not having the disease. The formula for computing the odds
of having the disease is

P(Disease)

odds(Disease) = T2 —
(Disease) 1 — P(Disease)

The odds of a disease is between 0 and co. Furthermore, when the odds = 1, having
the disease is just as likely as not having the disease, when the odds < 1, the disease is less
likely than not having the disease, and when the odds > 1, the disease is more likely than
not having the disease.

For example, if the probability of having the disease, which is the absolute risk of the

disease, is 0.2, then the odds of having the disease is odds(Disease) = g = 0.25. Thus,

the disease is one-fourth as likely as not having the disease.

In most cases the odds of having a disease will be different for the presence or absence
of a particular risk factor. Thus, it is often useful to compare the odds when the risk factor
is present to the odds when the risk factor is absent. The odds ratio is one method used to
compare these two odds. In particular, the odds ratio for a disease is the ratio of the odds
of the disease when the risk factor is present to the odds when the risk factor is absent, and
the formula for computing the odds ratio is
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_odds(Disease|Risk Factor Present)

OR =
odds(Disease|Risk Factor Absent)

The odds ratio measures the degree to which the disease is more likely when the risk
factor is present, and the larger the odds ratio is the more likely it is for an individual to
have the disease when the risk factor is present.

Note that the odds ratio takes on values between 0 and infinity, it is equal to 1 when
the disease is independent of the risk factor, it is larger than 1 when the disease is more
likely when the risk factor is present, and it is less than 1 when the disease is less likely
when the risk factor is present.

Example 2.28

In a retrospective study of the health problems associated with smoking, a researcher might be inter-
ested in the relationship between whether an individual has lung cancer and whether or not the
individual smokes more than 20 cigarettes a day. In this case, the risk factor is whether an individual
smokes more than 20 cigarettes a day, and the odds ratio is

odds(Lung CancerlSmokes at least 20 cigarettes a day)

- odds(Lung CancerlSmokes fewer than 20 cigarettes a day)

In this case, the odds ratio provides important information on whether or not smoking 20 or more
cigarettes per day is associated with the incidence of lung cancer.
Now suppose, the odds that an individual having lung cancer given the individual smoked at

least 20 cigarettes a day is 0.25, and the odds that an individual having lung cancer given the individual

smoked fewer than 20 cigarettes a day is 0.08. Then, the odds ratio is OR = % = 3.125, and thus,

an individual who smokes 20 or more cigarettes a day is 3.125 times as likely to have lung cancer
than an individual who smokes fewer than 20 cigarettes a day.

Example 2.29

In the article “Videofluoroscopic evidence of aspiration predicts pneumonia and death but not dehy-
dration following stroke” published in Dysphagia (Schmidt, et. al, 1994), the authors reported the
results of a retrospective study where the odds of developing pneumonia for those aspirating thick-
ened liquids or more solid consistencies of 1, and an odds of developing pneumonia for those not

aspirating of 0.178. Based on the reported odds, the odds ratio for developing pneumonia for those

aspirating thickened liquids or more solid consistencies is OR = 011? = 5.62. Thus, an individ-

ual aspirating thickened liquids or more solid consistencies was 5.62 times as likely to develop
pneumonia as an individual not aspirating.

Some final notes on the relative risk and odds ratio are listed below.

o The relative risk can only be computed in prospective studies such as clinical trials
and cohort studies.

e The odds ratio can be computed for both prospective and retrospective studies.

e The relative risk and odds ratio always agree on being equal to one, greater than one,
or less than one.

e When the risk of a disease is small, the odds ratio is approximately the same as the
relative risk; however, the relative risk and odds ratio can be very different when the
risk of a disease is large.

Example 2.30
In a prospective study on a particular condition there is a treatment group and a control group with
each group having 100 subjects. The treatment group receives the treatment and the control group
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receives a placebo. Suppose 12 subjects in the treatment group were cured, and in the control group
four were cured. Based on this study, the relative risk for the condition is

12

_ 10 _
RR = 2 =3

100

Hence, the treatment group is three times as likely to be cured as is the control group.
The odds ratio is
12
OR =2 =327

96

which is relatively similar to the relative risk since the probability of being cured is small.

2.4 PROBABILITY MODELS

The distribution of a quantitative variable is often modeled with a probability distribution.
There is a wide range of mathematical probability models that are available for modeling
the distribution of a quantitative variable; however, the particular probability model that
is best used to model the distribution of a quantitative variable will depend on whether
the variable of interest is discrete or continuous, the distribution of the variable, and any
theoretical conditions or assumptions made about the population being modeled. Two
of the most commonly used probability models in biomedical research are the Binomial
Probability Model, which is associated with a discrete counting variable, and the Nor-
mal Probability Model, which is often used to model the distribution of a continuous
variable.

2.4.1 The Binomial Probability Model

The binomial probability model can be used for modeling the number of times a particular
event occurs in a sequence of repeated trials. In particular, a binomial random variable is a
discrete variable that is used to model chance experiments involving repeated dichotomous
trials. That is, the binomial model is used to model repeated trials where the outcome of
each trial is one of the two possible outcomes. The conditions under which the binomial
probability model can be used are given below.

THE BINOMIAL CONDITIONS

The binomial distribution can be used to model 2. the trials will be repeated n times under
the number of successes in 7 trials when identical conditions and each trial is

. . . independent of the others,
1. each trial of the experiment results in one b

of the two outcomes, denoted by S for 3. the probability of a success is the same
success and F for failure, on each of the n trials,
4. the random variable of interest, say X, is
the number of successes in the 7 trials.

A random variable satisfying the above conditions is called a binomial random vari-
able. Note that a binomial random variable X simply counts the number of successes that
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Figure 2.24 Three binomial distributions: (a) n = 25, p = 0.1; (b) n = 25, p = 0.5; (c) n = 25,
p =0.9.

occurred in n trials. The probability distribution for a binomial random variable X is given
by the mathematical expression

p(x) = p*(1—p)=* forx=0,1,..,n

n!
x!(n — x)!
where p(x) is the probability that X is equal to the value x. In this formula

!
o — ' s the number of ways for there to be x successes in n trials,
x!(n — x)!
enl=nn—1)mn-2)---3-2-1and 0! = 1 by definition,
e p is the probability of a success on any of the n trials,
e p* is the probability of having x successes in n trials,
e 1 — p is the probability of a failure on any of the n trials,

e (1 — p)"* is the probability of getting n — x failures in n trials.

Examples of the binomial distribution are given in Figure 2.24. Note that a binomial
distribution will have a longer tail to the right when p < 0.5, a longer tail to the left when
p > 0.5, and is symmetric when p = 0.5.

Because the computations for the probabilities associated with a binomial random
variable are tedious, it is best to use a statistical computing package such as MINITAB for
computing binomial probabilities.



2.4 PROBABILITY MODELS 61

Example 2.31

Hair loss is a common side effect of chemotherapy. Suppose that there is an 80% chance that an indi-
vidual will lose their hair during or after receiving chemotherapy. Let X be the number of individuals
who retain their hair during or after receiving chemotherapy. If 10 individuals are selected at random,
use the MINITAB output given in Table 2.10 to determine

e & 6o T O

. the probability that exactly seven will retain their hair (i.e., X = 7),

. the probability that between four and eight (inclusive) will retain their hair (i.e., 4 < X < 8),
. the probability that at most three will retain their hair (i.e., X < 3),

. the probability that at least six will retain their hair (i.e., X > 6),

. the most likely number of patients to retain their hair (i.e., the mode).

Solutions

a.

Based on the MINITAB output in Table 2.10, the probability that
exactly seven will retain their hair (i.e., X = 7) is

P(X =7) = p(7) = 0.000786

. between four and eight (inclusive) will retain their hair (i.e., 4 < X < 8)is

P(4 <X <8)=p4)+ p(5)+ p(6) + p(7) + p(8)
= 0.088080 + 0.026424 + 0.005505 + 0.000786 + 0.000074
=0.12

. at most three will retain their hair (i.e., X < 3)is

P(X <3) = p(0)+ p(1) + p(2) + p(3)
= 0.107374 + 0.268435 + 0.301990 + 0.201327
=0.88

. at least six will retain their hair (i.e., X > 6) is

P(X > 6) = p(6) + p(7) + p(8) + p(9) + p(10)
= 0.005505 + 0.000786 + 0.000074 + 0.000004 + 0.000000
= 0.0064

. the most likely number of patients to retain their hair is X = 2.

TABLE 2.10 The Binomial Distribution for n= 10 Tri-
als and p =0.20

Binomial with n = 10 and p = 0.2
x P( X =x)

.107374
.268435
.301990
.201327
.088080
.026424
.005505
.000786
.000074
.000004
.000000
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The mean of a binomial random variable based on n trials and probability of success
p is u = np and the standard deviation is © = 4/n - p - (1 — p). The mean of a binomial is
the expected number of successes in 7 trials, and the values of a binomial random variable
are concentrated near its mean. The standard deviation measures the spread about the mean
and is largest when p = 0.5; as p moves away from 0.5 toward O or 1, the variability of a
binomial random variable decreases. Furthermore, when np and n(1 — p) are both greater
than 5, the Empirical Rules apply and

e roughly 68% of the binomial distribution lies between the values closest to the
np—+yn-p-(1—p)andnp++n-p-(1-p),

e roughly 95% of the binomial distribution lies between the values closest to
np—2yyn-p-(1—p)andnp+2yn-p-(1 - p),

e roughly 99% of the binomial distribution lies between the values closest to

np—3yn-p-(1—p)andnp+3yn-p-(1—p).

Example 2.32
Suppose the relapse rate within 3 months of treatment at a drug rehabilitation clinic is known to be
40%. If the clinic has 25 patients, then the mean number of patients to relapse within 3 months is

U = 25-0.40 = 10 and the standard deviation is ¢ = 4/25 - 0.40 - (1 — 0.40) = 2.45. Now, since
np = 25(0.4) = 10 and n(1 — p) = 25(0.6) = 15, by applying the Empirical Rules roughly 95% of
the time between 5 and 15 patients will relapse within 3 months of treatment. Using MINITAB, the
actual percentage of a binomial distribution with n = 25 and p = 0.40 falling between 5 and 15 is
98%.

An important restriction in the setting for a binomial random variable is that the
probability of success remains constant over the n trials. In many biomedical studies, the
probability of success will be different for each individual in the experiment because the
individuals are different. For example, in a study of the survival of patients having suf-
fered heart attacks, the probability of survival will be influenced by many factors including
severity of heart attack, delay in treatment, age, and ability to change diet and lifestyle fol-
lowing a heart attack. Because each individual is different, the probability of survival is not
going to be constant over the n individuals in the study, and hence, the binomial probability
model does not apply.

2.4.2 The Normal Probability Model

The choice of a probability model for continuous variables is generally based on historical
data rather than a particular set of conditions. Just as there are many discrete probability
models, there are also many different probability models that can be used to model the dis-
tribution of a continuous variable. The most commonly used continuous probability model
in statistics is the normal probability model.

The normal probability model is often used to model distributions that are expected
to be unimodal and symmetric, and the normal probability model forms the foundation
for many of the classical statistical methods used in biostatistics. Moreover, the distribu-
tion of many natural phenomena can be modeled very well with the normal distribution.
For example, the weights, heights, and IQs of adults are often modeled with normal
distributions.
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Figure 2.25 The approximate distribution of 1Q scores with 4 = 100 and o = 15.

Several properties of a normal distribution are listed below.

PROPERTIES OF A NORMAL DISTRIBUTION

A normal distribution e is symmetric about the mean.

e has mean, median, and mode that are

e is a bell- or mound-shaped distribution. e
equal (i.e., u = g = M).

e is completely characterized by its mean
and standard deviation. The mean deter- e has probability density function given
mines the center of the distribution and by
the standard deviation determines the feap0)= \/—2
spread about the mean. 2mo

_ =p?
-e 22 for

e has probabilities and percentiles that are
determined by the mean and standard
deviation.

Example 2.33

The intelligence quotient (IQ) is based on a test of aptitude and is often used as a measure of an indi-
vidual’s intelligence. The distribution of IQ scores is approximately normally distributed with mean
100 and standard deviation 15. The normal probability model for IQ scores is given in Figure 2.25.

The standard normal, which will be denoted by Z, is a normal distribution having
mean 0 and standard deviation 1. The standard normal is used as the reference distribution
from which the probabilities and percentiles associated with any normal distribution will be
determined. The cumulative probabilities for a standard normal are given in Tables A.1 and
A.2; because 99.95% of the standard normal distribution lies between the values —3.49 and
3.49, the standard normal values are only tabulated for z values between —3.49 and 3.49.
Thus, when the value of a standard normal, say z, is between —3.49 and 3.49, the tabled
value for z represents the cumulative probability of z, which is P(Z < z) and will be
denoted by ®(z). For values of z below —3.50, ®(z) will be taken to be 0 and for values of
z above 3.50, ®(z) will be taken to be 1. Tables A.1 and A.2 can be used to compute all of
the probabilities associated with a standard normal.

The values of z are referenced in Tables A.1 and A.2 by writing z = a.bc as
z = a.b + 0.0c. To locate a value of z in Table A.1 and A.2, first look up the value a.b in
the left-most column of the table and then locate 0.0c in the first row of the table. The value
cross-referenced by a.b and 0.c in Tables A.1 and A.2 is ®(z) = P(Z < z). The rules for
computing the probabilities for a standard normal are given below.
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Standard normal distribution
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Figure 2.26 P(Z < 1.65).

COMPUTING STANDARD NORMAL PROBABILITIES

1. For values of z between —3.49 and 3.49, 3. For values of z between —3.49 and 3.49,
the probability that Z < z is read directly the probability that Z > z is
from the table. That is,
P(Z>z)=1-P(Z<z)=1-®(2)
PZ <2)=®(2) 4. For values of z between —3.49 and 3.49,
the probability thata < Z < b is
2. Forz < —3.50 the probability that Z < z
is 0, and for z > 3.50 the probability that Pla<Z<b)=PZ<b)-P(Z<a)
Z<zisl. = @(b) — ®(a)

Example 2.34

To determine the probability that a standard normal random variable is less than 1.65, which is the
area shown in Figure 2.26, look up 1.6 in the left-most column of Table A.2 and 0.05 in the top row
of this table, which yields P(Z < 1.65) = 0.9505.

Example 2.35
Determine the probability that a standard normal random variable lies between —1.35 and 1.51 (see

Figure 2.27).

Solutions First, look up the cumulative probabilities for both —1.35 and 1.51 in Tables A.1 and A.2.
The probability that Z < —1.35 and the probability that Z < 1.51 are shown in Figure 2.28.
Subtracting these probabilities yields P(—1.35 < Z < 1.51), and thus,

P(-1.35 < Z <£1.51) = ®(1.51) — ®(—1.35) = 0.9345 — 0.0885 = 0.8640

Example 2.36
Using the standard normal tables given in Tables A.1 and A.2, determine the following probabilities

for a standard normal distribution:
a. P(Z < —-2.28)
b. P(Z < 3.08)
c. P(-1.21<Z <2.28)
d. P(1.21 <£Z <£6.28)
e. P(—421<Z <0.84)
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Standard normal distribution
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Figure 2.27 P(—1.35<Z <1.51).

Standard normal distribution Standard normal distribution
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Fnl =2
B B
S 0.2 0.9345 S 0.2
o a
0.1 0.1
0.0 0.0 .088
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Figure 2.28 The areas representing P(Z < 1.51) and P(Z < —1.35).

Solutions Using the normal table in the appendix

. P(Z < —2.28) = ®(—2.28) = 0.0113
. P(Z >3.08) =1 — ®(3.08) = 1 — 0.9990 = 0.0010

. P(—1.21 < Z < 2.28) = ®(1.81) — d(—1.21) = 0.9887 — 0.1131 = 0.8756
. P(0.67 < Z < 6.28) = $(6.28) — ®(0.67) = 1 — 0.7486 = 0.2514

. P(—4.21 < Z < 0.84) = $(0.84) — 0 = 0.7995

e & 0o T &

The pth percentile of the standard normal can be found by looking up the cumulative
probability 1% inside of the standard normal tables given in Appendix A and then working

backward to find the value of Z. Unfortunately, in some cases the value of 1%0 will not be
listed inside the table, and in this case, the value closest to 1% inside of the table should be
used for finding the approximate value of the pth percentile.

Example 2.37
Determine the 90th percentile of a standard normal distribution.
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TABLE 2.11  An Excerpted Section of the Cumulative Normal Table

d(z)=P(Z<2z2)

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

1.2 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015

TABLE 2.12 Selected Percentiles of a Standard Normal Distribution

p 1 5 10 20 25 50
pth percentile —-2.33 —1.645 —1.28 —0.84 —0.67 0.00

p 75 80 90 95 99 99.9
pth percentile 0.67 0.84 1.28 1.645 2.33 3.09

Solutions To find the 90th percentile, the first step is to find % = 0.90, or the value closest to 0.90,
in the cumulative standard normal table. The row of the standard normal table containing the value
0.90 is given in Table 2.11. Since 0.8997 is the value closest to 0.90 that occurs in the row labeled
1.2 and the column labeled 0.08, the 90th percentile of a standard normal distribution is roughly
z=12+0.08 =1.28.

The most commonly used percentiles of the standard normal are given in Table 2.12,
and a more complete list of the percentiles of the standard normal distribution is given in
Table A3. Note that for p < 50 the percentiles of a standard normal are negative, for p = 50
the 50th percentile is the median, and for p > 50 the percentiles of a standard normal are
positive.

When X is a normal distribution with y # 0 or o # 1, the distribution of X is called
a non-standard normal distribution. The standard normal distribution is the reference dis-
tribution for all normal distributions because all of the probabilities and percentiles for a
non-standard normal can be determined from the standard normal distribution. In particu-
lar, the following relationships between a non-standard normal with mean u and standard
deviation o and the standard normal can be used to convert a non-standard normal value to
a Z-value and vice versa.

THE RELATIONSHIPS BETWEEN A STANDARD NORMAL AND A NON-STANDARD NOR-
MAL

1. If X is a non-standard normal with 2. If Z is a standard normal, then
mean u and standard deviation o, then X =0 - Z + u is a non-standard normal
Z=X-w)/o. with mean u and standard deviation o.

Note that the value of a non-standard normal X can be converted into a Z-value and
vice versa. The first equation shows that centering and scaling the values of X converts them
to Z-values, and the second equation shows how to convert a Z-value into an X-value. The
relationship between a standard normal and a non-standard normal is shown in Figure 2.29.

To determine the cumulative probability for the value of a non-standard normal, say
X, convert the value of x to its corresponding z value using z = z — u/o; then determine
the cumulative probability for this z value. That is,
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Standard normal

Figure 2.29 The correspondence between the values of a standard normal and a non-standard
normal.

P(XSx)=P<ZSx;'u>

To compute probabilities other than a cumulative probability for a non-standard normal,
note that the probability of being in any region can also be computed from the cumulative
probabilities associated with the standard normal. The rules for computing the probabilities
associated with a non-standard normal are given below.

NON-STANDARD NORMAL PROBABILITIES

If X is a non-standard normal variable with 2. P(a<X<b)=PX <b)—P(X <b)

mean u and standard deviation o, then b—pu a—pu
=P<Z§ - )—P(ZS > )

1. P(XZx)zl—P(XSx)zl—P<25#>

Note that each of the probabilities associated with a non-standard normal distri-
bution is based on the process of converting an x value to a z value using the formula
Z = (x — u)/o. The reason why the standard normal can be used for computing every
probability concerning a non-standard normal is that there is a one-to-one correspondence
between the Z and X values (see Figure 2.29).

Example 2.38
Suppose X has a non-standard normal distribution with mean 4 = 880 and standard deviation
o = 140. The probability that X is between 700 and 1000 is represented by the area shown in Figure
2.30.

Converting the X values to Z-values leads to the corresponding probability, P(—1.29 < Z <
0.86), for the standard normal shown in Figure 2.31.

Example 2.39
The distribution of 1Q scores is approximately normal with 4 = 100 and o = 15. Using this normal
distribution to model the distribution of IQ scores,

a. an IQ score of 112 corresponds to a Z-value of

112 — 100
zZz=—-n=c=

G 0.8

b. the probability of having an IQ score of 112 or less is
P(X < 112) = P(Z < 0.80) = 0.7881
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Normal distribution
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Figure 2.30 P(700 < X < 1000).

Standard normal distribution

0.4
0.3 1
=2
2
S 021
[m)]
0.11
0.0
—1.29 0 086
z

Figure 2.31 The Z region corresponding to 700 < X < 1000.

c. the probability of having an IQ score between 90 and 120 is

P(90 < X <120) = P(w <zZ< %5100) =P(-0.67 < Z < 1.33)
= ®(1.33) — ®(—0.67) = 0.9082 — 0.2514
= 0.6568

e. the probability of having an IQ score of 150 or higher is

P(XSlSO):P(ZZ w

=1-®(3.33) =1 —0.9996 = 0.0004

) = P(Z > 3.33)

Example 2.40
In the article “Distribution of LDL particle size in a population-based sample of children and adoles-
cents and relationship with other cardiovascular risk factors” published in Clinical Chemistry (Stan
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etal., 2005), the authors reported the results of a study on the peak particle size of low-density lipopro-
tein (LDL) in children and adolescents. It is known that smaller more dense particles (< 255 A) of
LDL are associated with cardiovascular disease.

The distribution of peak particle was reported to be approximately normal with mean particle
size u = 262 A and standard deviation ¢ = 4 A. Based on this study, the probability that a child or
adolescent will have a peak particle size of less than 255 A is

255 —262

P(X§255)=P( Z

) = P(Z < —1.75) = 0.0401

Thus, there is only a 4% chance that a child or adolescent will have peak particle size less than 255
A

2.4.3 Z Scores

The result of converting a non-standard normal value, a raw value, to a Z-value is a Z score.
A Z score is a measure of the relative position a value has within its distribution. In partic-
ular, a Z score simply measures how many standard deviations a point is above or below
the mean. When a Z score is negative the raw value lies below the mean of its distribution,
and when a Z score is positive the raw value lies above the mean. Z scores are unitless
measures of relative standing and provide a meaningful measure of relative standing only
for mound-shaped distributions. Furthermore, Z scores can be used to compare the relative
standing of individuals in two mound-shaped distributions.

Example 2.41
The weights of men and women both follow mound-shaped distributions with different means and
standard deviations. In fact, the weight of a male adult in the United States is approximately nor-
mal with mean u = 180 and standard deviation o = 30, and the weight of a female adult in the
United States is approximately normal with mean u = 145 and standard deviation o = 15. Given a
male weighing 215 Ib and a female weighing 170 1b, which individual weighs more relative to their
respective population?

The answer to this question can be found by computing the Z scores associated with each of
these weights to measure their relative standing. In this case,

215 —-180
Zmale = T =1.17
and
170 — 145
Zfemale = ~ 15 1.67

Since the female’s weight is 1.67 standard deviations from the mean weight of a female and the
male’s weight is 1.17 standard deviations from the mean weight of a male, relative to their respective
populations a female weighing 170 1b is heavier than a male weighing 215 Ib.

GLOSSARY

Absolute Risk The absolute risk of a condition or disease is the probability that an
individual develops the condition or disease.

Binomial Probability Model The binomial probability model is a probability model for
a discrete random variable that counts the number of successes in n independent trials
of a chance experiment having only two possible outcomes.

Chance Experiment A task where the outcome cannot be predetermined is called a
random experiment or a chance experiment.
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Conditional Probability The conditional probability of the event A given that the event
B has occurred is denoted by P(A|B) and is defined as

P(A N B)

P(AIB) = — 3

Continuous Variable A quantitative variable is a continuous variable when the variable
can take on any value in one or more intervals.

Discrete Variable A quantitative variable is a discrete variable when there are either a
finite or a countable number of possible values for the variable.

Distribution The distribution of a variable explicitly describes how the values of the
variable are distributed in terms of percentages.

Event An event is a subcollection of the outcomes in the sample space is associated with
a chance experiment.

Explanatory Variable An explanatory variable is a variable that is believed to cause
changes in the response variable.

Independent Events Two events A and B are independent when P(A|B) = P(A) or
P(B|A) = P(B).

Interquartile Range The Interquartile range of a population is the distance between the
25th and 75th percentiles and will be denoted by IQR.

Mean The mean of a variable X measured on a population consisting of N units is

_ sumof the values of X _ 2 X
B N - N

Median The median of a population is the 50th percentile of the possible values of the
variable X and will be denoted by 7.

Mode The mode of a population is the most frequent value of the variable X in the
population and will be denoted by M.

Multivariate Variable A collection of variables that will be measured on each unit is
called a multivariate variable.

Negative Predictive Value In a diagnostic test, the negative predictive value (NPV) is
the probability of a correct negative test result, P(—|not D).

Nominal Variable A qualitative variable is called a nominal variable when the values of
the variable have no intrinsic ordering.

Non-standard Normal A non-standard normal is any normal distribution that does not
have a standard normal distribution (i.e., either u # 0 or o # 1).

Odds The odds of an event A is odds(A) = %.

Odds Ratio The odds ratio for a disease is the ratio of the odds of the disease when the
risk factor is present to the odds when the risk factor is absent.

_ odds(DiseaselRisk Factor Present)
"~ odds(DiseaselRisk Factor Absent)

Ordinal Variable A qualitative variable is called an ordinal variable when there is a
natural ordering of the possible values of the variable.

Parameter A parameter is a numerical value that summarizes a particular characteristic
of the population.
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Percentile The pth percentile of a quantitative variable is the value in the population
where p percent of the population falls below this value. The pth percentile is denoted
by x,, for values of p between 0 and 100.

Positive Predictive Value In a diagnostic test, the positive predictive value (PPV) is the
probability of a correct positive test result, P(+|D).

Probability A probability is a number between 0 and 1 that measures how likely it is for
an event to occur.

Qualitative Variable A variable that takes on non-numeric values is called a qualitative
variable.

Quantitative Variable A variable that takes on only numeric values is called a quanti-
tative variable.

Relative Risk The relative risk is of a condition or disease for a dichotomous risk factor is
the ratio of the probabilities P(DiseaselRisk Factor Present) and P(DiseaselRisk Factor
Absent).

_ P(DiseaselRisk Factor Present)

RR =
P(DiseaselRisk Factor Absent)

Response Variable The response variable is the outcome variable of primary interest to
a researcher.

Sample Space The set of all possible outcomes of a chance experiment is called the
sample space and is denoted by S.

Sensitivity The sensitivity is the conditional probability of a positive test for the
subpopulation of individuals having the disease (i.e., P(+|D)).

Specificity The specificity is the conditional probability of a negative test for the
subpopulation of individuals who do not have the disease (i.e., P(—|not D)).

Standard Deviation The standard deviation of a population is defined to be the square
root of the variance and will be denoted by .

Standard Normal The standard normal is a normal distribution with mean 0 and
standard deviation 1.

Variance The variance of a variable X measured on a population consisting of N units
is

sum of all (deviations from u)* (X — p)

2
g N N

Z Score A Z score is a measure of relative position within a distribution and measures
how many standard deviations a point is above or below the mean.

X_
Z score = il
e}

EXERCISES

2.1 What is the difference between a qualitative and a quantitative variable?
2.2  What is the difference between a discrete and a continuous variable?

2.3  What is the difference between a nominal and an ordinal variable?
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2.5

2.6

2.7

2.8
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Determine whether each of the following variables is a qualitative or quantitative
variable.

(a) Age

(b) Systolic blood pressure

(¢) Race

(d) Gender

(e) Pain level

Determine whether each of the following variables is a qualitative or quantitative
variable. If the variable is a quantitative variable, determine whether it is a discrete
or a continuous variable. If the variable is a qualitative variable, determine whether
it is a nominal or an ordinal variable.

(a) Gender

(b) Ethnicity

(c) Dosage of a drug given in whole mg

(d) Abdomen circumference

(e) White blood count

(f) Body mass index (BMI)

(g) Eye color

(h) Survival time after diagnosis with pancreatic cancer

(i) Number of months since last check up

(j) Number of sexual partners in the last 6 months

Determine whether each of the following qualitative variables is a nominal or an
ordinal variable. The values that the variable can take on are listed in parentheses
following the name of the variable.

(a) Gender (M, F)

(b) Size of hospital (small, average, large)

(c) Blood type (A, B, AB, O)

(d) Radiation dosage (low, medium, high)

(e) Use of dietary supplements (yes, no)

(f) Fat in diet (low, medium, high)

(g) Eat lunch (always, sometimes, never)

The percentages given in Table 2.13 were extracted from a bar chart published in the

article “Prevalence of overweight among persons aged 2—19 years, by sex—National

Health and Nutrition Examination Survey (NHANES), United States, 1999-2000

through 2003-2004" in the November 17, 2006 issue of the Morbidity and Mortal-

ity Weekly Report (MMWR), a Centers for Disease Control and Prevention weekly

publication.

(a) Create a side-by-side bar chart representing the percentages of overweight
children for each gender by year.

(b) Create a side-by-side bar chart representing the percentages of overweight
children for each year by gender.

The percentages in Table 2.14 were extracted from a bar chart published in the arti-
cle “Percentage distribution of blood pressure categories among adults aged >18
years, by race/ethnicity—National Health and Nutrition Examination Survey, United
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TABLE 2.13 Prevalence of Overweight Children
According to an Article in the November 17, 2006
Issue of MMWR

Gender Year

1999-2000 2001-2002 2003-2004

Male 14 16.5 18.2
Female 13.8 14 16

TABLE 2.14 Percentages of Americans in the Blood Pressure Categories as
Reported in the June 22, 2007 issue of MMWR

Ethnicity Blood Pressure Category

Normal  Prehypertension  Hypertension  Hypertension

Stage 1 Stage II
Mexican American 46 34 12 8
White 46 37 11 6
Black 36 38 16 10

States, 1999-2004" published in the June 22, 2007 issue of the Morbidity and Mortal-
ity Weekly Report, a Centers for Disease Control and Prevention weekly publication.

(a) Create a side-by-side bar chart representing the percentages for each of the blood
pressure categories by ethnicity category.

(b) Create a side-by-side bar chart representing the percentages for each of the blood
pressure categories within each ethnicity category.

(¢) Which ethnicity appears to have the largest percentage in the hypertension stage
I and II categories?

2.9 The probability density of a continuous variable is given in Figure 2.32. If the points
labeled A,B,C,D, and E represent the mode, mean, median, 25th percentile, and the
75th percentile, determine which of the points is the
(a) median of this distribution.

(b) mode of this distribution.

(¢) mean of this distribution.

(d) value that only 25% of the values in the population exceed.
(e) value that 50% of the values in the population exceed.

(f) value that 75% of the values in the population are less than.

T T1 T
ABCD E

Figure 2.32 The probability distribution of the continuous variable X.
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X

Figure 2.33  The distribution for Exercise 2.11.

2.10

2.11

2.12
2.13
2.14
2.15
2.16
2.17

2.18

If the 25th and 75th percentiles of the distribution given in Figure 2.32 are 38 and
92, determine the value of the interquartile range.

Use the distribution given in Figure 2.33 representing the hypothetical distribution
for the survival times for stage IV pancreatic cancer patients to answer the following
questions.

(a) Does the distribution appear to be multi-modal?
(b) How many modes does this distribution have?

(c¢) Is this distribution symmetric, long-tailed left, or long-tailed right?
(d) What is the value of the mode for this distribution?

(e) If the points A and B represent the mean and median, which of these two points

is the mean?

What is the most common reason that a variable will have a bimodal distribution?
What is the prevalence of a disease?

How is a percentile different from a population percentage?

How do the mean and median differ?

When are the mean and median equal?

Is the
(a) mean sensitive to the extreme values in the population?
(b) median sensitive to the extreme values in the population?

Suppose the population of 250 doctors at a public hospital has been classified
according to the variables Age and Gender and is summarized in the table below.

25-40 41-55 56-70

Male 54 66 42
Female 24 41 23

(a) Determine the percentage of doctors at this hospital that are female.

(b) Determine the percentage of doctors at this hospital that are aged 56 or older.

(¢) Determine the percentage of doctors at this hospital that are female and aged 41
or older.
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(d) Determine the percentages of doctors at this hospital in each age group.
(e) Determine the age group that the median age falls in.

Describe how the geometric mean (GM) is computed and why it might be used in
place of the arithmetic mean.

What are three parameters that measure the
(a) typical values in a population.
(b) the spread of a population.

Which of the parameters

(a) measuring the typical value in a population are not sensitive to the extreme values
in a population?

(b) measuring the spread of a population are not sensitive to the extreme values in a
population?

According to the article “Mean body weight, height, waist circumference, and body
mass index among adults: United States, 1999 — 2000 through 2015 — 2016” pub-
lished in National Health Statistics Report (Fryar, 2018), the estimated mean weight
of an adult male in the United States in 2015 — 2016 was 197.8. Suppose the distri-
bution of weights of adult males is a mound shaped distribution with mean u = 200
and standard deviation o = 25. Determine

(a) the weight range that approximately 95% of the adult males in the United States

in 2015 - 2016 fall in.

(b) the coefficient of variation for the weights of adult males in the United States in
2015 - 2016.

For a mound-shaped distribution what is the approximate percentage of the popula-
tion falling

(a) between the values u — 20 and u + 20.
(b) above the value u + 30.
(c) below the value u —o.

Which parameter measures the relative spread in a population? How is this parameter
computed?

What does it mean when

(a) the median is much larger than the mean?

(b) there is a large distance between the 25th and 75th percentiles?
(c) there is a large distance between the 75th and 99th percentiles?

In the article “Mean body weight, height, waist circumference, and body mass
index among adults: United States, 1999 — 2000 through 2015 — 2016 published
in National Health Statistics Report (Fryar, 2018), the statistics in Table 2.15 were
reported for adult females in the United States for 2015 —2016. Use the information
in Table 2.15 to answer the following questions.

(a) Compute the coefficient of variation for the variable weight.

(b) Compute the coefficient of variation for the variable height.

(c) Compute the coefficient of variation for the variable BMI.

What does it mean when the value of the correlation coefficient for two quantitative
variables is

(@ p=-1
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TABLE 2.15 The Approximate Means and Standard
Deviations for the Variables Weight, Height, and Body Mass
Index for Adult Females in the U.S. for 2015 - 2016 for
Exercise 2.27

Variable Mean Standard Deviation
Weight 169.8 Ibs 20 Ibs

Height 63.6 inches 3 inches

BMI 29.6 4

(b) p=0.
(© p=1

What does the correlation coefficient measure?
What are the units of the correlation coefficient?

What does it mean when two events are said to be
(a) independent events?
(b) dependent events?

Under what conditions is the probability of the event “A or B” equal to the sum of
their respective probabilities?

Under what conditions is the probability of the event “A and B” equal to the product
of their respective probabilities?

Suppose that P(A) = 0.54, P(B) = 0.48, and P(A and B) = 0.33. Determine

(a) the probability that the event A does not occur.

(b) the probability that the event A or B occurs.

(c) the probability that neither event A nor event B occurs.

(d) the conditional probability that event A occurs given that the event B will occur.
(e) the conditional probability that event B occurs given that the event A will occur.
(f) whether or not the events A and B are independent events.

Suppose that P(A) = 0.60, P(B) = 0.25, and the events A and B are disjoint events.
Determine

(a) the probability that event A does not occur.

(b) the probability that event A or B occurs.

(c) the probability that neither event A nor event B occurs.

(d) the conditional probability that event A occurs given that the event B will occur.
(e) whether or not the events A and B are independent events.

Suppose that P(A) = 0.6,P(B) = 0.8 and A and B are independent events.
Determine

(a) the probability that the event B does not occur.

(b) the probability that the event A and B occurs.

(c) the probability that the event A or B occurs.

(d) the conditional probability that the event A occurs given the event B will occur.
(e) the conditional probability that the event B occurs given the event A will occur.
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TABLE 2.16 The Sensitivity and Specificity for Two
Tests for Diagnosing Lyme Disease in Exercise 2.40

Test Sensitivity Specificity
Two-step 0.87 0.99
Lab Test 0.70 0.73

Of the people who have had a heart attack, suppose that 80% change their diet, 42%
get more exercise, and 36% change their diet and get more exercise. Determine the
probability that a randomly selected individual who has had a heart attack

(a) does not get more exercise.

(b) changes their diet or gets more exercise.

(c) gets more exercise given they change their diet.

In the article “Prevalence and predictability of low-yield inpatient laboratory diag-
nostic tests” published in JAMA Network Open (Xu, 2019), the authors reported the
prevalence, sensitivity, and specificity for diagnosing normal troponin I levels; tro-
ponin I is a marker for acute myocardial infarction. The authors reported a prevalence
of 0.33, a sensitivity of 0.88, and a specificity of 0.79 for the lab test for troponin I
levels. Determine the

(a) positive predictive value (PPV) for this test.

(b) negative predictive value (NPV) for this test.

According to the Medscape Today article “Standard care for pap screening” (Lie,
2003), the sensitivity and specificity of the pap smear test are at least 0.29 and 0.97,
respectively. If the prevalence of cervical cancer is 0.01, determine

(a) the probability that a woman has a positive test result.

(b) the positive predictive value of the pap smear diagnostic test.

(c) the negative predictive value of the pap smear diagnostic test.

In the article “Diagnostic testing for Lyme disease: beware of false positives” pub-
lished in BC Medical Journal (Kling, 2015), the authors reported the sensitivity and
specificity for two diagnostic tests, a two-step diagnostic test and a standard labo-
ratory test, shown in Table 2.16. Assuming the prevalence of Lyme disease is 0.01,
determine

(a) the positive predictive value of the two-step diagnostic test.

(b) the negative predictive value of the two-step diagnostic test.

(c) the positive predictive value of the laboratory diagnostic test.

(d) the negative predictive value of the laboratory diagnostic test.

According to the American Red Cross, the percentage of people in the United States
having blood type O is 38%. If four people from the United States are selected at
random and independently, determine the probability that

(a) none have blood type O.

(b) all four have blood type O.

(c) atleast one has blood type O.

The autosomal recessive genetic disorder sickle cell anemia is caused by a defect in
the hemoglobin beta (HBB) gene. Two defective genes, denoted by SS, are needed
for sickle cell anemia to occur in an individual. If each parent carries one sickle
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TABLE 2.17 The Binomial Probabilities for n = 10
Trials and p = 0.25

Binomial with n = 10 and p = 0.25

X = x)
.056314
.187712
.281568
.250282
.145998
.058399
.016222
.003090
.000386
.000029
.000001
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HBB gene (S) and one normal HBB gene (A), and a child receives exactly one gene
independently from each parent, determine

(a) the probability that a child will have sickle cell anemia.

(b) the probability that a child will not have sickle cell anemia.

(c) the probability that a child will not have any sickle HBB genes.

What are the four conditions necessary to have a binomial distribution?

Suppose the random variable X has a binomial distribution with n = 10 trials
and probability of success p = 0.25. Using the probabilities given in Table 2.17,
determine

(a) the most likely value of X.

(b) the least likely value of X.

(c) the probability that X is less than 6.

(d) the probability that X is greater than equal to 4.
(e) the probability that 2 < X < 6.

(f) the mean value of X.

Determine the mean, variance, and standard deviation for each of the following
binomial distributions.

(@) n=50and p =04.

(b) n =200 and p = 0.75.

(¢) n=280and p = 0.25.

For what values of p will a binomial distribution
(a) have a long tail to the right?

(b) have a long tail to the left?

(c) be symmetric?

(d) have the largest value of o?

Many studies investigating extrasensory perception (ESP) have been conducted. A
typical ESP study is carried out by subjecting an individual claiming to have ESP
to a series of trials and recording the number of correct identifications made by the
subject. Furthermore, when a subject is strictly guessing on each trial, the number
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of correct identifications can be modeled with a binomial probability model with
the probability of a correct identification being p = 0.5 on each trial. If a subject is
guessing on each of 20 trials in an ESP study, determine

(a) the probability of 20 correct identifications.

(b) the probability of 18 correct identifications.

(c) the probability of at least 18 correct identifications.

(d) the mean number of correct identifications.

Suppose an individual actually does have ESP and makes correct identifications with
probability p = 0.95. If the individual is subjected to a series of 20 independent trials,
determine

(a) the probability of making 20 correct identifications.

(b) the probability of making fewer than 19 correct identifications.

(c) the mean number of correct identifications.

Past studies have shown that 60% of the children of parents who both smoke
cigarettes will also end up smoking cigarettes, and only 20% of children whose par-
ents do not smoke cigarettes will end up smoking cigarettes. In a family with four
children, use the binomial probability model to determine
(a) the probability that none of the children become smokers given that both parents

are smokers.
(b) the probability that none of the children become smokers given that none of the
parents are smokers.

In Exercise 2.48, is it reasonable to assume that each of the four children will or will
not become a smoker independently of the other children? Explain.

Side effects are often encountered by patients receiving a placebo in a clinical trial.

Suppose 10 individuals were randomly and independently selected for the placebo

group in a clinical trial. From past studies, it is known that the percentage of individ-

uals experiencing significant side effects after receiving the placebo is about 10%.

Using the binomial probability model, determine

(a) the probability that two of the 10 patients in the placebo group experience
significant side effects.

(b) the probability that none of the 10 patients in the placebo group experience
significant side effects.

(c) the expected number of the 10 patients in the placebo group that will experience
significant side effects.

(d) the standard deviation of the number of the 10 patients in the placebo group that
will experience significant side effects.

If Z has a standard normal distribution, determine
(a) P(Z < -0.76).

(b) P(Z < 1.28).

(¢) P(Z < —2.04).

(d) P(Z > 0.42).

(e) P(Z > —1.65).

) P(Z > 2.87).

(g) P(-1.12 < Z £2.25).

(h) P(1.10 < Z < 2.25).
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(i) P(—0.80 < Z <1.22).
() P(-1.76 < Z < —1.26).

If Z has a standard normal distribution, determine
(a) the 5th percentile.

(b) the 25th percentile.

(c) the 75th percentile.

(d) the 98th percentile.

(e) the interquartile range.

Intelligence quotient scores are known to follow a normal distribution with mean
100 and standard deviation 15. Using the normal probability model, determine

(a) the probability that an individual has an IQ score of greater than 140.

(b) the probability that an individual has an IQ score of less than 80.

(c) the probability that an individual has an IQ score of between 105 and 125.

(d) the 95th percentile of IQ scores.

Suppose the birth weight of a full-term baby born in the United States follows a nor-

mal distribution with mean 7.5 pounds and standard deviation 0.5 pounds. Determine

the

(a) probability that a full-term baby born in the United States weighs between 7 and
8 pounds.

(b) probability that a full-term baby born in the United States weighs more than 9
pounds.

(c) probability that a full-term baby born in the United States weighs less than 6.8
pounds.

(d) 5th percentile of the weights of full-term babies born in the United States.

(e) 95th percentile of the weights of full-term babies born in the United States.

According to the National Health Statistics Report Number 122, December 20, 2018
(Fryar, 2018), the estimated mean weight of an adult male in the United States is
197.8 pounds. Suppose the distribution of weights of adult males in the US is nor-
mally distributed with mean weight u = 200 pounds with standard deviation of
o = 25 pounds. Determine the

(a) probability that an adult male in the US weighs more than 240 pounds.

(b) probability that an adult male in the US weighs less than 140 pounds.

(c) probability that an adult male in the US weighs between 180 and 220 pounds.
(d) 90th percentile of the weights of adult males in the US.

According to the National Health Statistics Report Number 122, December 20, 2018
(Fryar, 2018), the estimated mean body mass index (BMI) of an adult female in the

TABLE 2.18 The Standard Weight Classifications Based on
BMI Scores

Weight Classification BMI Percentile Range

Underweight Less than 5th percentile

Healthy weight Between 5th and 85th percentiles
At risk of overweight Between 85th and 95th percentiles
Overweight Greater than the 95th percentile
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TABLE2.19 The Mean and Standard
Deviations of BMI for 10- and 15-year-old

Male Children

BMI
Age Mean SD
10 16.6 23
15 19.8 3.1

United States is 29.6. Suppose the distribution of BMI values for adult females in
the US is normally distributed with mean BMI p = 30 with standard deviation of
o = 4. Determine the

(a) probability that an adult female in the US has BMI less than 25.

(b) probability that an adult female in the US has BMI more than 36.

(c) probability that an adult female in the US has BMI between 26 and 32.

(d) 10th percentile of the BMI values of adult females in the US.

What are the units of a z score?
How many standard deviations below the mean does a z score of —3 correspond to?

Under what conditions is it possible to determine the percentile associated with an
observed z score?

Table 2.18 contains the standard weight classifications based on body mass index
(BMI) values. Assuming that BMI is approximately normally distributed, determine
the z score corresponding to the cutoff for the

(a) underweight classification.

(b) healthy classification.

(c) at-risk-of-overweight classification.

(d) overweight classification.

Because a BMI value for a child depends on age and sex of the child, z scores are
often used to compare children of different ages or sexes. Table 2.19 gives the mean
and standard deviation for the distribution of BMI values for male children aged 10
and 15. Use the information in Table 2.19 to answer the following questions con-
cerning two male children, a 10 and a 15 years old, each having a BMI value of 25:

(a) Compute the z score for the 10-year-old.

(b) Compute the z score for the 15-year-old.

(¢) Which child has a larger BMI value relative to the population of males in their
age group?

According to the National Health Statistics Report Number 122, December 20, 2018
(Fryar, 2018), the estimated mean height of an adult male in the United States is 69
inches and the mean height of an adult female in the United States is 63.6 inches.
Suppose the standard deviation of the heights of adult males in the US is g, = 3.5
and the adult females in the US is 0 = 2.5. Determine

(a) the z score associated with an adult male in the US who is 74 inches tall.

(b) the z score associated with an adult female in the US who is 70 inches tall.
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(c) the probability that an adult male in the US is taller than 74 inches. Assume the
weights are normally distributed.

(d) whether the 74 inch male or the 70 inch female is farther above the mean of their
respective population.

2.63 In which study designs can the
(a) relative risk be computed?
(b) odds ratio be computed

2.64 In a prospective study on melanoma and the risk factor fair complexion, the prob-
ability that an individual will have a melanoma in their life given they have a fair
complexion is 0.12, and the probability that an individual will have a melanoma in
their life given they do not have a fair complexion is 0.05.

(a) Compute the relative risk of developing a melanoma for the risk factor fair
complexion.

(b) Interpret the relative risk.

(¢) Compute the odds ratio for developing a melanoma for the risk factor fair
complexion.

(d) Interpret the odds ratio.

2.65 Ina prospective study on gum disease, group of 50 subjects will receive an oral wash
treatment and a control group of 50 subjects will receive a placebo wash. Suppose
four subjects in the treatment group developed gum disease and 16 in the control
group developed gum disease.

(a) Determine the relative risk of developing gum disease for an individual who
receives the treatment.
(b) Interpret the relative risk.

2.66 In aretrospective study of the health problems associated with smoking, a researcher
is interested in the relationship between chronic obstructive pulmonary diseases
(COPD) and the risk factor smokes. Use the probabilities in Table 2.66 to answer
the following questions.

COPD
Risk Factor Yes No
Smokes 0.14 0.86

Does not Smoke 0.04 0.96

(a) Compute the odds of having COPD for smokers.

(b) Compute the odds of having COPD for non-smokers.

(¢) Compute the odds ratio for COPD and the risk factor smokes.
(d) Interpret the odds ratio.

(e) Why is it inappropriate to compute the relative risk in this study?



CHAPTER3

RANDOM SAMPLING

O NE OF the most important requirements in any data-based research study is the
data that are collected and analyzed are trustworthy and representative of the target
population being studied. To have data that will provide reliable and accurate estimates of
the unknown parameters, can be used to test the research hypotheses, and to ensure
meaningful conclusions, a carefully designed sampling plan must be developed and used.
A well-designed sampling plan can be used to produce highly accurate statistics while
minimizing the cost of the study. The best way to obtain data that is representative of the
target population is with a random sample. A random sample is also called a probability
sample and utilizes a probability model in the selection of the population units that are
sampled. In this chapter, the sampling process, probability samples, and several different
types of random sampling plans will be discussed.

3.1 OBTAINING REPRESENTATIVE DATA

The purpose of sampling is to get a sufficient amount of data that is representative of target
population so that statistical inferences can be made about the distribution and the param-
eters of the target population. Because a sample is only a subset of the units in the target
population, it is generally impossible to guarantee that the sample data are representative
of the target population; however, with a well-designed sampling plan, it will be unlikely
to select a sample that is not representative of the target population. To ensure the like-
lihood that the sample data will be representative of the target population, the following
components of the sampling process must be considered:

o Target Population The target population must be well defined, accessible, and the
researcher should have a good understanding of the structure of the population. In
particular, the researcher should be able to identify the units of the population, the
approximate number of units in the population, subpopulations, the approximate
shape of the distributions of the variables being studied, and the relevant parameters
that need to be estimated.

e Sampling Units The Sampling units are the units of the population that will be
sampled. A sampling unit may or may not be a unit of the population. In fact, in some
sampling plans, the sampling unit is a collection of population units. The sampling
unit is also the smallest unit in the target population that can be selected.

o Sampling Element A sampling element is an object on which measurements will

be made. A sampling element may or may not be a sampling unit. When the sam-
pling unit consists of several population units, it is called a cluster of units. If each
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population unit in a cluster will be measured, then the sampling elements are the
population units within the sampled clusters. In this case, the sampling element is a
subunit of the sampling unit.

o Sampling Frame The sampling frame is the list of sampling units that are available
for sampling. The sampling frame should be nearly equal to the target population.
When the sampling frame is significantly different from the target population, it
makes it less unlikely that a sample representative of the target population will be
obtained, even with a well-designed sampling plan. Sampling frames that fail to
include all of the units of the target population are said to undercover the target
population and may lead to biased samples.

e Sample Size The sample size is the number of sampling units that will be selected.
The sample size will be denoted by n and must be sufficiently large to ensure the
reliability of the statistical analysis. The variability in the target population plays a
key role in determining the sample size necessary for the desired level of reliability
associated with a statistical analysis.

Example 3.1

In studying the post-surgery infection rate, suppose the target population is the population of all
individuals who had surgery in the past year. While it may be possible to obtain a sampling frame
consisting of a list of all individuals who had surgery in the past year, it would be easier to obtain a
list of the hospitals in the United States. In this case, an efficient way of sampling the population of
individuals who had surgery in the past year is to use the list of hospitals in the United States as the
sampling frame and let the sampling units be the collection of individuals who had surgery at each
hospital. In this case, a sampling unit consists of many sampling elements, namely, the individuals
who had surgery at a hospital.

In general, collecting data is easy, however, collecting data that is trustworthy and
representative of the target population is a much harder task. Many researchers simply
collect ad-hoc samples that are easy or convenient to collect; samples collected in an ad-
hoc fashion are referred to as samples of convenience. Examples of samples of convenience
include

e Observing data that are close at hand or data that are easy to obtain. This is known as
availability sampling. A sample consisting of volunteers is an example of availability
sampling.

e Observing data that are self-selected by the researcher. Self-selected sampling is also
referred to as expert sampling or judgment sampling.

e Observing data from individuals who are previously referred to by previously sam-
pled individuals. Sampling according to referrals from previously sampled units is
known as snowball sampling or chain referral sampling.

Example 3.2

Suppose a physician at a clinic in Atlanta, Georgia wishes to study the relationship between the
percentage fat in an individual’s diet and the coronary heart disease. To obtain data for this study, the
physician solicits volunteers by placing an advertisement in the local paper. In this case, the physician
is using a sample of convenience consisting of volunteers. It is well documented that volunteers are
generally very different from nonvolunteers, and hence, any result based on this sample could be
biased.

While it is possible for a sample of convenience to produce data that are representative
of the target population, there is no mechanism in this type of sampling process that ensures
a high likelihood of obtaining representative data. In fact, it is unlikely that a sample of
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convenience will produce a sample that is representative of the target population. For this
reason, inferences based on the statistical analysis of a sample of convenience cannot be
considered trustworthy. Furthermore, in a sample of convenience, the mathematical theory
that is used to develop and justify the statistical methods used in the analysis will not be
valid.

3.1.1 The Sampling Plan

The goal of a well-designed sampling plan is to (1) ensure data that are representative
of the target population will be observed and (2) the observed data will provide reliable
information about the target population. A study is said to have external validity when
the results of the study can be safely generalized about the target population. To have a
study with external validity, it is critical that a representative sample be collected. Modern
statistical theory makes it possible to design a sampling procedure that will almost surely
produce a sample that is representative of the target population and will produce a statistical
analysis that is highly accurate and reliable. A well-designed sampling plan should involve
the following steps:

DESIGNING THE SAMPLING PLAN

A well-designed sampling plan should 7. identify the statistical analysis that will
be performed on the observed sample

1. have a set of well-defined research ques- L oy —

tions and hypotheses to be tested;
8. have a predetermined sample size that

is chosen to produce a prespecified level
of accuracy for the statistics that will be
computed from the information in the

2. have a well-defined target population
that is relevant to the questions of inter-
est;

. account for all of the variables that are

believed to be important to the study;

. have well-defined sampling units and

sampling elements;

. have a sampling frame that ensures a

observed sample;

. clearly outline all of the details involved

in the sampling process including the
timing of the sample, the data collec-
tion details, the measurement devices,

representative sample of the target pop- and the training of the samplers.

ulation is possible;

6. have a sampling plan that will provide
data that can be used to make reliable sta-  Only after these steps have been carried out,
tistical inferences from the sample to the  should a researcher begin to collect the sample
target population; data.

3.1.2 Probability Samples

The statistical theory that provides the foundation for the estimation or testing of research
hypotheses about the parameters of a population is based on the sampling structure known
as probability sampling. A probability sample is a sample that is selected in a random
fashion according to some probability model. In particular, a probability sample is a sample
chosen so that each of the possible samples is known in advance and the probability of
drawing each sampling unit is known. Random samples are samples that arise through a
sampling plan based on probability sampling.



86

CHAPTER 3 RANDOM SAMPLING

Probability sampling allows flexibility in the sampling plan and can be designed
specifically for the target population being studied. That is, a probability sampling plan
allows a sample to be designed so that it will be unlikely to produce a sample that is not
representative of the target population. Furthermore, probability samples allow for confi-
dence statements and hypothesis tests to be made from the observed sample with a high
degree of reliability.

Samples of convenience are samples that are not based on probability samples and
are also referred to as nonprobability samples. The statistical theory that justifies the
use of confidence statements and tests of hypotheses does not apply to nonprobability
samples; therefore, confidence statements and test of the research hypotheses based on
nonprobability samples are erroneous applications of statistics and should not be trusted.

In arandom sample, the chance that a particular unit of the population will be selected
is known prior to sampling, and the units available for sampling are selected at random
according to these probabilities. The procedure for drawing a random sample is outlined
below.

THE PROCEDURE FOR DRAWING A RANDOM SAMPLE

1. Determine the sampling frame and sam- according to the appropriate probabili-
pling units. ties of the sampling plan.

2. Assign identification numbers to each 4. Collect the data on the sampling units
of the sampling units in the sampling associated with the identification num-
frame. bers selected in step 3.

3. Program a computer to select a ran-
dom sample of identification numbers

To develop a good probability sampling plan, it is critical to have a sampling frame
that covers the entire target population. When the sampling frame undercovers the target
population, there is no probability sampling plan that can adjust for this undercoverage.
Some of the important properties of a random sample that samples of convenience do not
have are listed below.

PROPERTIES OF A RANDOM SAMPLE

1. Random samples generally produce (a) statistics computed using a random
samples that are representative of the sample have a predictable pattern of
target population. values in repeated sampling;

(b) many statistics computed from a
random sample will not system-
atically over or underestimate the
parameters of interest;

2. Random samples are designed to be free
from bias and do not favor any one por-
tion of a population over another.

3. The results of a statistical analysis based (¢) measures of the reliability of a statis-
on a random sample are repeatable from tic computed from a random sample
one sample to another. That is, can be computed.

Random sampling plans generally lead to meaningful statistical inferences because
random samples produce data that are representative of the target population, and the sta-
tistical analyses based on two different random samples of size n selected from same target
population should produce similar results.
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3.2 COMMONLY USED SAMPLING PLANS

In practice, the appropriate sampling plan for a particular research problem will depend
on the researcher’s understanding of the target population, past research on the problem
being studied, and any cost and logistical considerations involved in sampling the target
population. Commonly used probability sampling plans include simple random sampling,
stratified random sampling, cluster sampling, and systematic random sampling.

3.2.1 Simple Random Sampling

The first sampling plan that will be discussed is the simple random sample. A simple ran-
dom sample of size n is a sample consisting of n sampling units selected in a fashion that
every possible sample of n units has the same chance of being selected. In a simple random
sample, every possible sample has the same chance of being selected, and moreover, each
sampling unit has the same chance of being drawn in a sample. Simple random sampling is
a reasonable sampling plan for sampling homogeneous or heterogeneous populations that
do not have distinct subpopulations that are of interest to the researcher.

Example 3.3
Simple random sampling might be a reasonable sampling plan in the following scenarios:

a. A pharmaceutical company is checking the quality control issues of the tablet form of a new
drug. Here, the company might take a random sample of tablets from a large pool of available
drug tablets it has recently manufactured.

b. The Federal Food and Drug Administration (FDA) may take a simple random sample of a
particular food product to check the validity of the information on the nutrition label.

c. A state might wish to take a simple random sample of medical doctors to review whether or
not the state’s continuing education requirements are being satisfied.

d. A federal or state environment agency may wish to take a simple random sample of homes in
a mining town to investigate the general health of the town’s inhabitants and contamination
problems in the homes resulting from the mining operation.

The number of possible simple random samples of size n selected from a sampling
frame listing of N sampling units is
(N ) _ N!
n n!(N — n)!

The probability that any one of the possible simple random samples of » units selected
from a sampling frame of N units is

1 nl(N-n)
N! N N!
n!(N—n)!

In most research studies, the number of units in the target population is fairly large, and
therefore, the number of possible simple random samples will also be extremely large. For
example, suppose the sampling frame has N = 100 sampling units and a simple random
sample of n = 10 units will be selected. The number of possible simple random samples
of size n = 10 from this frame is

(100

10 ) =100!/10!(100 — 10)! = 17,310, 309, 456,440
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That is, there are more than 17 trillion different possible simple random samples of size
n = 10 that could be selected from a sampling frame consisting of N = 100 units. Fur-
thermore, each of the possible samples would have a 1 in 17,310,309,456,440 chances of
being selected in a simple random sample of size n = 10 drawn from this population.

Example 3.4
Determine the number of simple random samples possible when

a. N =200 and n = 25.
b. N =500 and n = 15.

Solutions The number of possible simple random samples when
a. N =200and n = 251is

501(200 — 50)!

2001 = 45,217,131,606,152,448,808,778,187,283,008

That is, there are roughly 45 nontillion possible simple random samples of size n = 25 that
can be drawn from a population consisting of 200 units.

b. N=500and n = 15is

151(500 — 15)!

5001 = 18,877,913,877,607,917,786,274,849,200

That is, there are roughly 19 octillion possible simple random samples of size n = 15 that can
be drawn from a population consisting of 500 units.

One of the reasons that statistics works so well is that random samples produce sam-
ples that are representative of the target population. That is, in most research studies there
is an enormously large number of possible samples that could be drawn and most of these
samples are representative of the target population being sampled. In fact, the number of
possible samples that are representative of the target population is much larger than the
number of samples that are not representative of the target population. Thus, in practice
it is unlikely that a sample will be drawn that is not representative of the target popula-
tion. The procedure for drawing a simple random sample of n units from a sampling frame
consisting of N units is outlined below.

Many statistical packages such as MINITAB, SAS, SPSS, and Splus have sampling
programs that can be used to select the identification numbers in a fashion that each number
is equally likely to be selected.

THE SIMPLE RANDOM SAMPLING PROCEDURE

1. Determine the sampling frame and sam- 4. Using a computer, select n identifica-

pling units. tion numbers at random in a fashion that
each unit has the same chance of being
selected. These identification numbers
identify the units to be selected in the
sample.

2. Assign an identification number to each
of the N units in the sampling frame.

3. Determine the number of sampling units
(n) that must be sampled to achieve
the desired accuracy of the statistical
analysis.

5. Collect and measure the units corre-
sponding to the n units whose identifi-
cation numbers were selected in step 4.

Simple random sampling is often used in the selection of individuals to be used in
an experiment or a clinical trial. A researcher may be tempted to self-select the individuals
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for the experiment, but self-selection often introduces an unwanted source of bias into the
sample. To draw honest conclusions from an experiment it is critical to have a sample that
is free of bias and one that is representative of the target population being studied. When a
researcher has a large pool of volunteers for an experiment, simple random sampling can
be areasonable way to obtain a representative sample from the pool of volunteers. Example
3.5 illustrates how to select a simple random sample.

Example 3.5
Suppose 10 individuals from a list of 25 carefully screened volunteers are to be selected for an
experiment. The name of the volunteers, their age, and their gender are listed in Table 3.1.

This sampling frame contains 14 males (56%) and 11 females (44%) that have age ranging
from 33 to 69. Identification number from 1 to 25 are assigned to each individual, and the list of
volunteers with their identification numbers, age, and gender is given in Table 3.2.

Now there are

25 25!
(10) T 101150 3,268,760

possible samples of size 10 that can be selected from this sampling frame. MINITAB was used to
select 10 of the 25 identification numbers in a fashion so that each possible sample has the same

TABLE3.1 List of Volunteers from Which 10 Individuals
Will be Selected

Name Age Gender Name Age Gender
C. Smith 33 M L. Griffin 49 F
T. Jones 53 F S. Lufkin 39 F
R. Halmoth 63 M K. Goren 59 M
A. Sadler 53 M T. Green 69 M
P. Yawler 46 F L. Samson 44 F
R. Tascher 52 M M. Noone 55 F
W. Smythe 47 F 0. Reed 51 F
E. Morgan 61 M  J. Winston 59 F
C. Scott 66 M F. Loomis 56 M
T. Johnson 58 F H. Pengstrom 55 M
G. Abel 62 F Y. Engolin 54 M
R. Rose 66 M L. Howard 59 M
D. Donaldson 64 M

TABLE 3.2 List of Volunteers with Identification Numbers

ID Name Age Gender ID Name Age Gender
1 C. Smith 33 M 14 L. Griffin 49 F
2 T. Jones 53 F 15 S. Lufkin 39 F
3 R. Halmoth 63 M 16 K. Goren 59 M
4 A. Sadler 53 M 17 T. Green 69 M
5 P. Yawler 46 F 18 L. Samson 44 F
6 R. Tascher 52 M 19 M. Noone 55 F
7 W. Smythe 47 F 20 O.Reed 51 F
8 E. Morgan 61 M 21 J. Winston 59 F
9 C. Scott 66 M 22 F. Loomis 56 M
10 T. Johnson 58 23 F H. Pengstrom 55 M
11 G. Abel 62 F 24 Y. Engolin 54 M
12 R.Rose 66 M 25 L. Howard 59 M
M

13 D. Donaldson 64
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TABLE 3.3 List of Individuals to be Sampled

ID Name Age Gender ID Name Age Gender

17 T.Green 69
4 A.Sadler 53
5 P Yawler 46

22 F.Loomis 56

11 G. Abel 62

8 E.Morgan 61
3 R.Halmoth 63
19 M. Noone 55
15 S. Lufkin 39
24 Y.Engolin 54

EmTmEE
mEZHEE

chance of being selected. The 10 identification numbers selected by MINITAB for the simple random
sample are 8, 17, 3, 4, 19, 5, 15, 22, 24, and 11, and a list of the individuals to be sampled is given in
Table 3.3.

Note that the sample has 6 males (60%) and 4 females (40%) with ages ranging from 39 to
69. The mean and median of the original 25 individuals are 4 = 54.9 and fi = 55, and the mean and
median of the 10 individuals sampled are 55.8 and 55.5, respectively. Although the sample does not
exactly mirror the population, it is fairly representative of the target population.

Several properties of a simple random sample are listed below.

PROPERTIES OF A SIMPLE RANDOM SAMPLE

1. Simple random samples are generally more likely to be sampled than any other

the easiest sampling plans to implement
and generate data that are easily ana-
lyzed.

. Simple random samples are likely to pro-

duce samples that are representative of a
homogeneous or heterogeneous popula-

portion of the population, provided the
sampling frame covers the target popu-
lation.

4. When the sample size is less than 5%

of the number of units in the frame, the
observations in a simple random sam-

tion. ple are essentially independent of one

3. Simple random samples are free from another.

bias since no portion of the population is

Although simple random samples are easy to implement and analyze, they are not
always the most efficient sampling plans when there are distinct subpopulations that the
researcher is interested in. In particular, when the target population has one or more small
subpopulations, the simple random sampling plan is not designed to ensure these small sub-
populations are adequately sampled. For example, suppose there is a clear genetic marker
that predisposes an individual to a particular disease that only 1% of the general population
has. If a simple random sample of n = 100 observations is to be selected from the general
population, only one observation would be expected to have this genetic marker, and it is
possible that none of the observations would be sampled from the subpopulation of indi-
viduals with this genetic marker. In fact, only 1% of any sample would be expected to be in
this subpopulation. In this case, a simple random sample is not an efficient way of sampling
the population with regard to the focus of this research, and a specialized sampling plan
ensuring that the subpopulations are adequately represented in the sample is needed.

Example 3.6

Because only 1% of the US population has AB negative blood, it would take a simple random sample
of approximately 10,000 individuals to obtain 100 individuals with the AB negative blood; if only
100 individuals were sampled, the sample may not even contain one individual having AB negative
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blood. Thus, to ensure that a sufficient number of individuals having AB negative blood are sampled,
an alternative to the simple random sampling plan would be needed.

There are many specialized sampling plans that have been developed to take care
of the situations where simple random sampling cannot be expected to produce a sample
representative of the target population. It is important to keep in mind that the sampling
plan that should be used in a particular research study will depend upon the structure of
the population, the research questions, and any logistical considerations associated with
sampling the population. Furthermore, prior information about the target population and
sound professional judgment should be used in developing the sampling plan that will be
used in place of a simple random sample.

3.2.2 Stratified Random Sampling

When a target population has well-defined subpopulations, the research questions are usu-
ally focused on the parameters of the subpopulations. In this case, it is important that the
random sample contains sufficient data for estimating the parameters of interest in the sub-
populations. Because a simple random sample cannot guarantee that each subpopulation
is sufficiently represented in a sample, simple random sampling is generally not the most
efficient method of sampling a target population with well-defined subpopulations.

A random sampling plan that is designed specifically for populations having distinct
subpopulations is stratified random sampling. A stratified random sample should be used
when the target population has well-defined and nonoverlapping subpopulations. The sub-
populations of the target population are referred to as strata and a single subpopulation is
called a stratum. A stratified random sample is a sample that is drawn by collecting a simple
random sample from each stratum in the population. The process for drawing a stratified
random sample is outlined below.

THE STRATIFIED RANDOM SAMPLING PROCEDURE

1. Identify the strata in the target popula- 3. Determine the overall sample size and
tion. the strata sample sizes.

2. Develop a good sampling frame for each 4. Select a simple random sample from
stratum. each of the strata.

Having good sampling frames for each strata and determining the appropriate sample
sizes for each strata are critical components of a well-designed stratified random sampling
plan. The cost of sampling within the strata and the variability within each stratum play
important roles in the determination of the overall sample size and the strata sample sizes.
Determination of the appropriate sample size for a stratified random sample and allocation
of the sample to the strata will be discussed in detail in Section 3.3.

In biomedical research studies, target populations having subpopulations are the
norm rather than the exception. For example, studies involving humans often have sub-
populations due to gender, race, blood type, and many other human characteristics. To
investigate how these subpopulations of humans differ in a biomedical research problem,
a stratified random sample can often be used to obtain the sample data that will be used in
comparing the subpopulations of interest.

Example 3.7
Stratified random sampling might be the appropriate sampling plan in each of the following scenarios.
Suppose the target population includes subpopulations defined by
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. male and female individuals,
. hospitals in different regions of the country,
. individuals with different blood types,

. individuals of different races,

e & 6 T oW

. individuals in different age groups.
When a stratified random sample is properly used, the precision of the estimates based

on stratified random sample will often be greater than the precision obtained through a
simple random sample. Several properties of a stratified random sample are listed below.

PROPERTIES OF A STRATIFIED RANDOM SAMPLE

e A stratified random sample provides e A well-designed stratified random sam-

information on each subpopulations in
the target population.

A well-designed stratified random sam-
ple will produce sufficient evidence for
estimating the parameters of the subpop-
ulations.

A stratified random sample is an effi-

ple will reduce the costs associated with
sampling the target population.

The allocation of the overall sample size
to the strata can be designed to sat-
isfy several different constraints such as
producing a sample that will minimize
the cost of sampling or maximizes the

cient sampling plan and produces reli- reliability of an estimate.

able estimates when there are well-
defined subpopulations in the target
population.

Because the sampling plan for a stratified random sample is more complex than
the sampling plan associated with a simple random sample, designing a stratified ran-
dom sample requires information on each of the subpopulations. In particular, To have
a stratified random sample, which is representative of the target population, it is critical
that representative sampling frames are available for each of the strata.

When the research questions are based on studying or comparing the subpopulations
in the target population, it is imperative that sufficient data are collected on individual
subpopulations. Thus, because a well-designed stratified random sample can guarantee that
a predetermined amount of data will be collected on the subpopulations, a stratified random
sample should always be used as the sampling plan when the research questions center on
the characteristics and parameters of the subpopulations in the target population.

3.2.3 Cluster Sampling

In many biomedical studies, a good sampling frame containing the units in the target pop-
ulation is extremely difficult to obtain. In some cases, the units of the population belong
to clearly defined groups of units referred to as clusters of units. When a sampling frame
that contains a list of clusters is available a random cluster sample can often be used to
obtain a sample that is representative of the target population. For example, in surveying
the general health of the people living in a particular town, a sampling frame consisting of
the people living in the town would be difficult, if not impossible, to obtain. On the other
hand, most towns will have a listing of the housing units within the town. In this case, the
people living in the town are grouped in clusters according to housing units.

To use a random cluster sample, the clusters in a target population should be nonover-
lapping and exhaustive so that a population unit belongs to only one cluster. Also, when the
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population units belong to well-defined clusters and a random cluster sample is selected,
the cluster random sample will consist of primary and secondary units. The primary units
in a cluster sampling plan are the clusters of population units and the secondary units are
the units within the clusters. Thus, a primary unit is a sampling unit and a secondary unit
is sampling element.

Example 3.8
A cluster random sample might be the appropriate sampling plan in each of the following scenarios:

a. Patient records from the hospitals in a state are being studied. Here, the hospitals are the clusters
and patients are the secondary units in a cluster.

b. Infection rates on the floors of a hospital are being studied. The floors of a hospital are the
clusters and the beds or rooms on a floor are the secondary units in a cluster.

c. The general health of the residents living in a city is being studied. Here, housing units might
be used as the clusters and individuals living in a housing the secondary units in a cluster.

d. The care of patients living in nursing homes is being studied. Here, the nursing homes are the
clusters and the patients in a nursing home are the secondary units in a cluster.

A cluster random sample is drawn by taking a simple random sample of clusters from
the sampling frame and then measuring each of the secondary units within the clusters
sampled. The process for drawing a cluster random sample is outlined below.

THE CLUSTER SAMPLING PROCEDURE

1. Determine the clusters of units in the 4. Determine the appropriate number of

target population.

. Determine a sampling frame listing the

clusters of population units. The sam-
pling frame should cover the entire target
population.

. Assign identification numbers to the

clusters in the sampling frame.

clusters to be sampled.

. Using a computer, draw a simple random

sample of the identification numbers.

. Obtain the sample data from the clus-

ters selected in step 5. In this step, the
primary units (i.e., clusters) are sampled
and the data are recorded by measuring

each of the secondary units in a cluster
that is sampled.

Note that the sampling frame used in a cluster sample is a list of the clusters available
for sampling, and the sample size n is the number of clusters, and not the number of pop-
ulation units, that will be sampled. A cluster sample can also be designed as a two-stage
sampling plan with first stage consisting of drawing a sample of z clusters and second stage
consisting of drawing a random sample of the secondary units within a sampled cluster.

Example 3.9

In 2004, the World Health Organization (WHO) studied the mortality rate of internally displaced
persons in Darfur, Sudan. Over one million residents of Darfur, Sudan sought refuge away from
areas of conflict and 127 settlements of internally displaced persons were identified. Concern over
the health status and mortality rate of internally displaced persons led to a WHO study in Darfur. The
primary goal of this study was to estimate the crude mortality rate of internally displaced persons
over the period June 15, 2004—August 15, 2004.

The sampling plan used to collect data for this study was a cluster random sample. The target
population was all internally displaced persons in Darfur, Sudan and the clusters were settlements
of internally displaced persons. The sampling frame consisted of internally displaced settlements
listed by the World Food Programme (WFP) and the United Nations Office for the Coordination of
Humanitarian Affairs (OCHA). Settlements that were not accessible due to poor roads or security
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reasons were deleted from the sampling frame. The sample size used in this study was n = 50
clusters, which were selected at random from the sampling frame.

Cluster random samples are typically used when a good sampling frame of population
units is impossible or too expensive to obtain and there are well-defined clusters of units
in the target population, which can be easily identified. Several properties of the cluster
random sample are listed below.

PROPERTIES OF A RANDOM CLUSTER SAMPLE

1. Clusters of units can sometimes be 4. The collection and measuring of the

defined by the geographic location of the
units.

. Cluster sampling is often less expensive

than other methods of sampling.

sample data are often simpler in a clus-
ter sample than in other sampling plans
because the population units are sam-
pled in clusters of units rather than as
individual units.

3. Cluster sampling can be designed to han-
dle subpopulations by using a stratified
cluster random sample.

The disadvantages of using random cluster sample are that cluster sampling may
lead to biased results when the clusters of units sampled are not representative of whole
population and the cost of a cluster sample will increase as the distance between the units in
a cluster increases. Finally, when a sampling frame containing the population is available, a
sampling plan other than a cluster sample should be used unless the cost benefits outweigh
the loss of precision in the estimates obtained from the cluster sample.

3.2.4 Systematic Sampling

The final sampling plan that will be discussed is the systematic random sampling plan.
A 1 in k systematic sample is a probability sample obtained by randomly selecting one
sampling unit from the first k units in the sampling frame and every kth unit thereafter. A
systematic random sample is one of the most cost-effective and convenient sampling plans
when the population units are randomly dispersed over the sampling frame. Systematic
random sampling is also useful in quality control settings. For example, a pharmaceutical
company may check the uniformity and quality of the drug tablets it manufactures. The
ability to control the manufacturing process by sampling the output is an important aspect
of quality control and may be monitored by selecting a systematic random sample of every
100th tablet produced.
The process for drawing a systematic random sample is outlined below.

THE SYSTEMATIC SAMPLE PROCEDURE

1. Determine the sampling interval k. Usu-
ally, the sampling interval k is the integer
closestto k = N /n, where N is the num- 4
ber of units in the sampling frame and n
is the desired sample size.

3. Select every kth unit in the sampling
frame until n units have been selected.

. Collect the data on the sampling units
associated with the identification num-
bers selected in step 3. This is the data

. Select the starting point in the sampling

frame by selecting a unit at random from
the first k sampling units in the frame.

resulting from the systematic random
sample.
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The advantages of drawing a systematic random sample are that it is simple to collect,
often less expensive than other sampling plans, spreads uniformly over the sampling frame,
the statistical analysis of a systematic random sample is the same as the analysis used
with a simple random sample, and when the size of the population is not fixed or is being
monitored over time, a systematic random sample can be easily implemented without a
sampling frame.

The only real disadvantage of using a systematic random sample occurs when a sys-
tematic sample isolates unwanted patterns in the population. That is, a systematic random
sample may yield a biased sample when there is a periodic or cyclic pattern in the units
listed in the sampling frame. Thus, it is critical to avoid the use of a systematic random sam-
ple when there could be cyclical patterns in the sampling frame or the sampling process.
Cyclical patterns are often due to sampling the units over time.

Example 3.10

In the article “Insulin and gall stones: a population case—control study in southern Italy” published
in Gut (Misciagna, 2000), the relationship between hyperinsulinaemia and gall stones was studied
based on a systematic random sample selected from a sampling frame consisting of the electoral
register of Castellana, Italy. This systematic random sample yielded 2472 individuals who then had
their gall bladder checked for gall stones and were contacted again between May 1992 and June 1993
for another gall stone screening.

3.3 DETERMINING THE SAMPLE SIZE

One of the most important aspects of any sampling plan is the determination of the number
of units to sample. The sample size is denoted by n and is determined by several factors
including

e the size of the population;

o the level of reliability required in the statistical analysis;

e the cost of sampling;

e whether or not subpopulations are present in the population;

e the variability in the population.

Of all the factors affecting the sample size, the most important factor to consider is
the degree of reliability that will be required of the statistical analysis. The measures of
reliability for a statistical analysis will depend on the statistical methods used in the anal-
ysis; however, one of the more commonly used measures of reliability for an estimate of a
population proportion or mean is the bound on the error of estimation, which is denoted by
B. The bound on the error of estimation is based on the two standard deviation empirical
rule. Moreover, it is unlikely for an estimate of a proportion or a mean to be farther than
B from the value of the population proportion or mean being estimated. Careful consid-
eration must be given in prespecifying the value of B in designing a sampling plan with
the appropriate sample size. That is, when n is too small, the estimates will not be reliable
enough to provide useful information, and when the sample size is too large the benefits of
having a large sample are not cost-effective.

In the following section, methods for determining the appropriate sample size for a
given value of the bound on the error of estimation will be discussed only for simple ran-
dom, stratified random, and systematic random samples. The determination of the sample
size for a cluster sample is beyond the scope of this book but is covered in many specialized
textbooks on sampling.
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3.3.1 The Sample Size for Simple and Systematic Random Samples

In a simple random sample or a systematic random sample, the sample size required to
produce a prespecified bound on the error of estimation for estimating the mean is based on
the number of units in the population (INV), and the approximate variance of the population
o2. Moreover, given the values of N and ¢, the sample size required for estimating a mean
u with bound on the error of estimation B with a simple or systematic random sample is

n No?
~ (N=1)D + 02

2
where D = 2. Note that this formula will not generally return a whole number for the

4
sample size n; when the formula does not return a whole number for the sample size, the
sample size should be taken to be the next largest whole number.

Example 3.11

Suppose a simple random sample is going to be taken from a population of N = 5000 units with a
variance of g2 = 50. If the bound on the error of estimation of the mean is supposed to be B = 1.5,
then the sample size required for the simple random sample selected from this population is

5000(50)

B 4999(%)+50

= 87.35

Since 87.35 units cannot be sampled, the sample size that should be used is n = 88. Also, n =
88 would be the sample size required for a systematic random sample from this population when
the desired bound on the error of estimation for estimating the mean is B = 1.5. In this case, the

. . . . 5000
systematic random sample would be a 1 in 56 systematic random sample since el 56.

In many research projects, the values of N or g2 are often unknown. When either N
or o2 is unknown, the formula for determining the sample size to produce a bound on the
error of estimation for a simple random sample can still be used as long as the approximate
values of N and o2 are available. In this case, the resulting sample size will produce a bound
on the error of estimation that is close to B provided the approximate values of N and o2
are reasonably accurate.

The proportion of the units in the population that are sampled is n/N, which is called
the sampling proportion. When a rough guess of the size of the population cannot be rea-
sonably made, but it is clear that the sampling proportion will be less than 5%, then an
alternative formula for determining the sample size is needed. In this case, the sample size
required for a simple random sample or a systematic random sample having bound on the
error of estimation B for estimating the mean is approximately

_ 40?
T B2

Example 3.12

Suppose a simple random sample is going to be drawn from a large population with well over
1,000,000 units. Due to the cost of sampling this population, a sample of no more than 5000 units
can be sampled. Thus, the sampling proportion is n/N < 5000/1, 000,000 < 0.005. Suppose that
the standard deviation is known to be roughly o = 100, then the sample size needed to have a bound
on the error of estimation of B = 10 for estimating the mean is roughly
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To determine the sample size required in a study, the population variance must be
known. Unfortunately, the variance of the target population is generally an unknown param-
eter. Thus, while a researcher might not know the exact value of the variance, it is likely
that the researcher will have a rough idea of the variability in the target population. In par-
ticular, there are several methods that can be used to a obtain a rough estimate of population
variance.

1. Previous research studies or prior knowledge about the target population can be used
to develop a rough estimate of o2.

2. When the population is approximately normally distributed, a rough estimate of the
standard deviation can be based on

maximum value in the population — minimum value in the population
4

~
~

3. A small sample of the population units can be sampled in a pilot study for estimating
the value of o2

The population proportions are also often studied in biomedical research. The sample
size required for estimating a population proportion, say p, with a bound on the error of
estimation B in a simple random sample or a systematic random sample also depends on
the values of N and o2. In this case, the variance is 0% = p(1 — p), and the number of
observations needed for estimating a population proportion with bound on the error of
estimation B is

ne_ Npa-p)
(N=1D + p(1 - p)

where D = B? /4. However, since the value of p will be unknown to a researcher, a rea-
sonable guess of the value of p is needed to use this formula because the variance will take
on its largest value, 0 = 0.25, when p = 0.5, using p = 0.5 in the above formula will
produce a conservative sample size that will guarantee the bound on the error of estimation
does not exceed B. That is, the value of n found using p = 0.5 will be larger than the actual
value needed to obtain a bound on the error of estimation. Furthermore, since the value
of n is larger than necessary, the resulting value of B will be smaller than anticipated by
the formula. Thus, the conservative sample size that will produce a bound on the error of
estimation that does not exceed B is

(025N
"~ (N=1)D+0.25

Example 3.13

Suppose a simple random sample is going to be taken from a population of N = 80,000 units to
estimate an unknown proportion p. If the desired bound on the error of estimation for estimating the
proportion is B = 0.025, then the conservative estimate of the sample size is

80,000(0.25)

" 79,999 (%) +0.25

= 1568.65

Thus, the sample size that should be used for this simple random sample is n = 1569.

When N is unknown and a rough guess of the size of the population cannot be made,
an alternative formula for determining the sample size required to produce a bound on the
error of estimation for estimating a proportion that does not exceed the value B is
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Example 3.14
Suppose a systematic random sample is going to be selected from a population with a very large
number of units to estimate a proportion p. If the value of N is unknown, and the desired bound on
the error of estimation for estimating p is B = 0.025, then the conservative estimate of the sample
size is

1

n=—— =1600
0.0252

Because the number of the units in the population is unknown, the value of N will have to be approx-

imated to determine the sampling rate k. For example, if it is believed that the population has roughly
N =100, 000 units, then the sampling ratio would be % = 62.5. In this case, a 1 in 62 systematic

random sample could be used.

Example 3.15

Suppose the initial cost involved in sampling the target population is $12,000 and the cost of sampling
a unit from the population is $25. A simple random sample of 581 units drawn from this population
would have a total cost of

C = $12,000 + 581($25) = $26,525

In many biomedical research studies, a compromise must be made between the total
cost of sampling and the number of units that need to be sampled. Clearly, a researcher
cannot sample more units than can be afforded; however, when a specific bound on the error
of estimation is required to have useful estimates, then sufficient funding must be ensured
since the number of units cannot be reduced. When sufficient funding is not available for
sampling, the best approach is to sample as many observations as can be afforded which
will produce a larger value of B than was desired. Thus, when a researcher’s budget does
not allow an adequate number of units to be sampled, the researcher must decide whether
the information gained from the smaller sample is even worth the expense and efforts of
carrying out the research project.

Example 3.16

Suppose the initial cost involved in sampling the target population is $37,000, the cost of sampling
a unit is $130, and the total budget available for sampling is $100,000. A simple random sample is
to be selected from the target population with N = 200,000 and o2 = 1200. If the required bound
on the error of estimation for estimating the mean is B = 1.5, based on the cost values the number of
units that the researcher can afford to draw is

100,000 — 37,000
Mafford = ———35——— = 4845

Thus, the researcher can afford to sample 484 units. However, the number of units required for a
bound on the error of estimation equal to 1.5 is

200,000(1200)
199,999 (ﬁ) +1200
4

= 2110.8

Thus, the required sample size for B = 1.5 is n = 2111, but the researcher can only afford to sample
484 units. The trade-off in this case is that with only 484 units the value of B would be roughly 3.1
rather than 1.5. At this point, the researcher would have to re-evaluate the need to have a value of
B = 1.5; if a value of B = 3.1 would still provide meaningful information about the mean of the
target population, then a sample of size n = 484 units would be acceptable. On the other hand, if it
is critical for the estimate of the mean to be within B = 1.5 of the true value of u, then the researcher
must find more funds to facilitate a simple random sample of n = 2111 units.



3.3 DETERMINING THE SAMPLE SIZE 99

3.3.2 The Sample Size for a Stratified Random Sample

Recall that a stratified random sample is simply a collection of simple random samples
selected from the subpopulations in the target population. In a stratified random sample,
there are two sample size considerations, namely, the overall sample size n and the allo-
cation of n units over the strata. When there are k strata, the strata sample sizes will be
denoted by ny, n,, ns, ... , 1, where the number to be sampled in strata 1 is n;, the number
to be sampled in strata 2 is n,, and so on.

There are several different ways of determining the overall sample size and its allo-
cation in a stratified random sample. In particular, proportional allocation and optimal
allocation are two commonly used allocation plans. Throughout the discussion of these
two allocation plans, it will be assumed that the target population has k strata, N units, and
N is the number of units in the jth stratum.

The sample size used in a stratified random sample and the most efficient allocation
of the sample will depend on several factors including the variability within each of the
strata, the proportion of the target population in each of the strata, and the costs associated
with sampling the units from the strata. Let o; be the standard deviation of the ith stratum,
W; = N;/N the proportion of the target population in the ith stratum, Cj, the initial cost of
sampling, C; the cost of obtaining an observation from the ith stratum, and C is the total
cost of sampling. Then, the cost of sampling with a stratified random sample is

C= C0+C1n1 +C2n2+ +Cknk

The process of determining the sample size for a stratified random sample requires
that the allocation of the sample be determined first. The allocation of the sample size n
over the k strata is based on the sampling proportions that are denoted by w,, w,, ... Wy.
Once the sampling proportions and the overall sample size n have been determined, the ith
stratum sample size is n; = n X w;.

The simplest allocation plan for a stratified random sample is proportional allocation
that takes the sampling proportions to be proportional to the strata sizes. Thus, in propor-
tional allocation, the sampling proportion for the ith stratum is equal to the proportion of
the population in the ith stratum. That is, the sampling proportion for the ith stratum is

N;

N

The overall sample size for a stratified random sample based on proportional allocation that
will have bound on error of estimation for estimating the mean equal to B is

wl-=

N0} + N,05 + - + Nyo}

N [7] + Ilv (Ny02 + Nyo2 + -+ + Nyo?)

The sample size for the simple random sample that will be selected from the ith stratum
according to proportional allocation is

N;
ani=nXﬁ

Example 3.17

Suppose the target population consists of three strata. Use Table 3.4 to determine the overall sample
size and the proportional allocation for a stratified random sample that will have bound on the error
of estimation for estimating the mean of B = 1.5. Also, determine the total cost of sampling when
the initial cost associated with sampling is Cy = $1000. There are N = 1000 + 1500 + 2500 = 5000
units in the target population, and the proportional allocation sampling proportions are
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TABLE 3.4 Strata Size, Standard Deviation, and
the Cost of Sampling for the Three Strata in the
Target Population.

Stratum N SD Cost
1 1000 10 9
2 1500 12 4
3 2500 8 25
1000 1500 2500
= —= ,2, = —— = U.5, = ——= = VuU.
Wi = 3500 = 02 W2 = 5500 =03 andws = 5555 =05
The overall sample size is
1000(10? 1500(122 2500(82
" 2 (10%) + (12%) + (8%) — 1637
1.5 1 5 5 5
5000[ 7 + 3000 1000(10%) + 1500(12%) + 2500(8%)

and thus, the overall sample size is n = 164. The strata sample sizes according to proportional
allocation are

n, = 0.2(164) = 32.8
n, = 0.3(164) = 49.2
ny = 0.5(164) = 82

When the overall cost of sampling is not fixed, the stratified random sampling the sizes can safely be
rounded off to the nearest whole number, and thus, the sampling allocation for this stratified random
sample is n; = 33, n, = 49, and n; = 82. The total cost of this sampling plan is

C = $1000 + 33 X $9 + 49 X $4 + 82 x $25 = $3543
When a stratified random sample will be used to estimate a population proportion

with bound on the error of estimation equal to B, the overall sample size using proportional
allocation is

— Ni1pi(1 = p1) + N,p,(1 = po) + -+ + Nipr(1 — py)
N [BI] + ﬁ(Nlpl(l = p1) + Nopo(1 = py) + - + Nipi(1 = pi))

where p; is the proportion of the ith stratum having the characteristic of interest. The ith
stratum sample size is

N;

nxw; =nx N

Because the values of p;, p,, ..., pr are unknown, a conservative estimate of the overall
sample size can be found by using p; = 0.5. In this case,

_ N
NBz +1

Example 3.18

Suppose the target population consists of three strata. Use Table 3.5 to determine the overall sample
size and the proportional allocation for a stratified random sample that will have a bound on the error
of estimation for estimating a proportion of B = 0.05. Also, determine the total cost of sampling
when the initial cost is C, = $2400.
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TABLE 3.5 Strata Size and the Cost of Sampling
the Three Strata in the Target Population

Stratum N Cost
1 1000 5
2 1500 4
3 2500 11

Because there is no information available on the values of p;, p,, and p;, the conservative
value for the overall sample size for n is

5000

n=———— =3704
5000(0.052) + 1

Thus, the overall sample size is n = 371 and the strata sample sizes are

1000
1500

n,= 374 X m =112.2
2500

niy = 374 X m =187

Thus, take the strata sample sizes to be n, = 75, n, = 112, and n; = 187, and the total cost associated
with this stratified random sample is

C =$2400 + 75X $5 + 112 X $4 + 187 X $11 = $5280

Note that proportional allocation takes into consideration only the variability within
the strata and the proportion of population units in each of the strata in determining the
overall sample size. Thus, the cost of sampling each strata is not a factor in determining
the overall sample size when proportional allocation is used. For example, in Example 3.18
the cost of sampling a unit in strata 3 was $11 and the largest portion of the sample was
allocated to strata 3 making the total cost of sampling high.

Optimal allocation is an allocation plan that takes into account the cost of sampling as
well as the variability and proportion of the target population in each strata in determining
the overall sample size. Furthermore, optimal allocation can be used to allocate the overall
sample size n for either minimizing the bound on the error of estimation when the total cost
of sampling is fixed or to minimize the total cost of sampling when the bound on the error
of estimation is fixed. That is, when the total cost of sampling is fixed optimal allocation
produces the sample size that minimizes the bound on the error of estimation, and when the
value of the bound on the error of estimation is fixed prior to sampling optimal allocation
will produce a sample that has a minimum total cost of sampling.

The overall sample size for estimating either a mean or proportion in a stratified
random sample using optimal allocation when the total cost of sampling is a fixed value C
is

Nio N,o No
C_C 11+ 22+”'+ kYk
R FC Ve

Nlo-l \ Cl +N20'2 Cz + .- +Nk0'k\/Ck
where Cj is the initial setup cost and C; is the cost of sampling a unit from the ith stratum.

Note that for estimating a proportion o; = 4/ p;(1 — p;) and o; = 0.5 should be used when
no information on the values of the p;’s are available.
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The optimal allocation sampling proportions are

Nioi

w; = \/a
t Nyo, + Ny, 4 F Nyoy
Ve VG Ve

The strata sample sizes are again computed using the formula
l’li =nX wi

and the strata sample sizes are again n; = n X w.

Note that when optimal allocation is used to determine the sample size for a stratified
random sample strata, sizes (INV;), the strata standard deviations (o;), the initial cost asso-
ciated with sampling (C,), and the cost of sampling each strata (C;) must be available to
determine the overall and strata sample sizes. When estimating a proportion with a strat-
ified random sample, the strata standard deviations are o; = 4/ p;(1 — p;), and since p; is
unknown, the value of p; = 0.5 is used to determine a conservative sample size.

Example 3.19
Suppose the target population consists of two strata. Use Table 3.6 to determine the overall sample
size and the strata sample sizes using optimal allocation when the total cost is fixed at $20,000 and
the initial cost is C, = $4800.

The overall sample size is

2500(25)  7500(12)
15,200 s+t

n = =791.1
2500(25)5 + 7500(12)4

and because the budget for sampling is fixed at $20,000, the researcher will only be able to afford to
sample 791 units. The optimal allocation sampling proportions are

2500(25)
5 =
2500(25)  7500(12)
5 T4

0.36

7500(12)
4 —
2500(25) + 7500(12)
5 4
Thus, the strata sample sizes are n; = 791 X 0.36 = 284 and n, = 791 X 0.64 = 506. Note that

because the total cost of sampling is fixed, the strata sample sizes must be rounded off to the next
lowest whole number. Thus, the total cost of sampling the 791 units when optimal allocation used is

w, 0.64

C = $4800 + 284 x $25 + 506 X $16 = $19, 996

TABLE 3.6 Strata Size, Standard Deviation, and the
Cost of Sampling for the Two Strata in the Target

Population
Stratum N SD Cost
1 2500 25 25

2 7500 12 16




3.3 DETERMINING THE SAMPLE SIzE 103

TABLE 3.7 Strata Size and Cost of Sampling
the Two Strata in the Target Population

Stratum N Cost
1 5000 16
2 15000 25

Example 3.20
Suppose the target population consists of two strata. Use Table 3.7 to determine the conservative
estimate of the overall sample size and the optimal allocation for a stratified random sample designed
to estimate a proportion when the total cost of sampling is fixed at $10,000 with an initial cost of
Co = $3600.

The overall sample size is

5000(0.5)  15,000(0.5)
6400 b <
n= =286.3
5000(0.5)4 + 15,000(0.5)5

and because the total cost of sampling is fixed at $10,000, the researcher will only be able to afford
to sample 286 units. The optimal allocation sampling proportions are

5000(0.5)
= 4 =
5000(0.5) _ 15,000(0.5)
+
2 5
15,000(0.5)
= 5 =
5000(0.5) _ 15,000(0.5)
s Tt 5

0.29

W,

0.71

w;

Thus, the optimal allocation for a stratified random sample having a minimum bound on the error of
estimation for estimating a proportion with a fixed cost of $10,000 will be an overall sample size of
n = 286. The strata sample sizes are n; = 286 X 0.29 = 82 and n, = 286 X 0.71 = 203. Again,
because the total cost of sampling is fixed, the strata sample sizes must be rounded off to the next
lowest whole number. Thus, the total cost of sampling 285 units with optimal allocation is

C = $3600 + 82 x $16 + 203 X $25 = $9987

When it is more important to control the bound on the error of estimation than it is
to control the cost of sampling, the sample size computations are different; however, the
computation of the strata sampling proportions is the same. Suppose the bound on the error
of estimation for estimating the mean or a proportion is fixed at value B. The sample size
required to attain a bound on the error of estimation equal to B that will minimize the total
cost of sampling is

Nyo, Nyo, Nioy
(va tE et \/Fk>(Nlaﬂ/cl + Nyo/C; + -+ + Nior[C.)

N2D + (N,0; + N,05 + -+ + Nyo})

where D = B2 /4. Again, when a proportion is being estimated, the value p; can be replaced
by p; = 0.5 to produce a conservative estimate of #n.
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TABLE 3.8 Strata Size, Standard Deviation, and
Cost of Sampling the Three Strata in the Target

Population

Stratum N SD Cost
1 5000 10 9
2 7500 12 4

3 12,500 8 16

When the value of B is fixed and the total cost of sampling is minimized, optimal
allocation sampling proportions are

Ny
w; = Va

LN + Naoy +oet Nk

Va6 Ve

Example 3.21
Suppose a stratified random sample is to be drawn from a population having three strata for the
purpose of estimating the mean of the target population. Using Table 3.8, determine the overall sample
size and the strata sample sizes that minimize the total cost of sampling when the bound on the error
of estimation is fixed at B = 2 and the initial cost of sampling is C, = $5300.

The sample size required to produce a bound of B = 2 is

<5000(10) 7500(12) . 12,500(8)

ot ot )(5000(10)\/§+ 7500(12)\/Z+12,500(8)\/R)

25,0002 [é] + 5000(102) + 7500(122) + 12,500(82)
=100.8

Thus, the sample size required to have a bound on the error of estimation equal to 2 is n = 101. The
optimal allocation sampling proportions are

5000(10)

NG
W, = =0.19
1™ '5000(10) | 7500012) | 12, 500(8)

Vo Va V16

7500(12)
4
%2 = 5000(10) , 7500012) 12,500(8) =052
Vo Va V16
12, 500(8)
w; 16 0.29

~ 5000(10)  7500(12) _ 12,500(8)

Vo Va V16

and thus, the strata sample sizes are n;, = 101 X 0.19 = 19, n, = 101 X 0.52 = 53, and
n; = 101 X 0.29 = 29. The total cost of sampling is

C =$5300 4+ 19 X $9 + 52 X $4 + 29 X $16 = $6143

Example 3.22

Suppose a researcher is going to draw a stratified random sample from a population having three
well-defined subpopulations for the purpose of estimating a proportion. Use Table 3.9 to determine
a conservative value of the overall sample size and strata sample sizes that will minimize the total
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TABLE 3.9 Strata Size and Cost of Sampling
the Three Strata in the Target Population

Stratum N Cost
1 12000 10
2 8000 8
3 10000 12

cost of sampling when the bound on the error of estimation is fixed at B = 0.03 and the initial cost
of sampling is Cy = $2800.
The overall sample size required to produce a bound on the error of estimation equal to 0.03 is

(12,000(0.5) 8000(0.5) 10, 000(0.5)

V1o V8 V12

) (12, 000(0.5)/10 + 8000(0.5)y/8 + 10, 000(0.5)\/E)

30,0002 [ + 12,000(0.25) + 8000(.25) + 10, 000(.25)

=1078.0

Thus, the overall sample size is n = 1078, and the optimal allocation sampling proportions are

12,000(0.5)
_ V1o _
=Ty 000(.5) N 8000(0.5) L 1o 000(0.5) 040
V10 B V12
8000(0.5)
— 8 —
Y2=T17 000(.5) N 8000(0.5) L 1o 000(0.5) 0.30
V10 B V12
10, 000(0.5)
w; = 12 0.30

12,000(.5 _ 8000(0.5)  10,000(0.5) _

V1o V8 V12

Thus, the strata sample sizes are n;, = 1078 X 040 = 432, n, = 1078 X 0.30 = 324, and
n; = 1078 X 0.30 = 324, and the total cost of sampling is

C = $2800 + 432 X $10 + 324 X $8 + 324 x $12 = $13, 600

Note that when the total cost of sampling is fixed, the strata sample sizes should
always be rounded off to preserve to ensure that the total cost of sampling does not exceed;
however, when the bound on the error of estimation is fixed the sample sizes should be
rounded off to ensure that the value of B does not exceed.

GLOSSARY

1 in k Systematic Sample A 1 in k systematic sample is a probability sample obtained
by randomly selecting one sampling unit from the first k units in the sampling frame
and then every kth unit thereafter.
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Availability Sampling A sample selected by observing data that are close at hand or
data that are easy to obtain is called availability sampling.

Bound on the Error of Estimation The bound on the error of estimation is based on
the two standard deviation empirical rule, and it is unlikely for an estimate to be farther
from the true value of the parameter being estimated than the value of B.

Cluster A cluster of units is a clearly defined group of units in the target population.

Expert Sampling A sample by observing data that are self-selected by a researcher is
referred to as expert sampling or judgment sampling.

External Validity A study is said to have external validity when the results of the study
can safely be generalized to the target population.

Optimal Allocation Optimal allocation is an allocation plan that takes into account the
cost of sampling as well as the variability and proportion of the population units in each
of the strata.

Primary Units The primary units in a cluster sampling plan are the clusters of population
units.

Probability Sample A probability sample is a sample that is selected in a random fashion
where each of the possible samples and the probability of drawing each sampling unit
are known prior to sampling.

Proportional Allocation In proportional allocation the sampling proportion for the ith
stratum is

where N is the number of units in the population and N; is the number of units in the
ith stratum.

Random Sample A random sample is a sample that is chosen using a probability sample.

Sample Size The sample size is the number of sampling units that will be selected and
is usually denoted by n.

Samples of Convenience Samples that are collected in an ad-hoc fashion are referred to
as samples of convenience.

Sampling Element A sampling element is an object on which measurements will be
made.

Sampling Frame A sampling frame is the list of sampling units that are available for
sampling.

Sampling Proportion The sampling proportion for the ith stratum is the proportion of
the overall sample allocated to the ith stratum and is denoted by w;.

Sampling Units Sampling units are the units of the population that will be sampled.

Secondary Units The secondary units in a cluster sample are the units of the population
contained in a cluster.

Simple Random Cluster Sample A simple random cluster sample is a sample selected
by taking a simple random sample of n of the population clusters in the target population.

Simple Random Sample A simple random sample of size n consists of # sampling units
selected in a fashion that every possible sample of n units has the same chance of being
selected.

Snowball Sampling A sample that is selected by sampling according to referrals from
previously sampled units is called snowball sampling or chain referral sampling.
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Strata The different subpopulations making up the target population are referred to as
strata and a single subpopulation is called a stratum.

Stratified Random Sample A stratified random sample is a sample that is selected by
collecting a simple random sample from each stratum in the population.

EXERCISES
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What does it mean when a sample is said to be representative of the target population?
Why is it important to a have a sample that is representative of the target population?
How is a sample different from a population?

How is a census different from a sample?

What is the difference between a sampling unit and a sampling element?

What is the sampling frame?

How does the sampling frame differ from the target population?

Why is it important to have a sampling frame that covers the target population?

What does it mean when a sampling frame is said to undercover the target popula-
tion?

How is a random sample different from a sample of convenience?

What are the advantages of using a well-designed probability sample in place of a
sample of convenience?

Does a large sample always provide more accurate information about a population
than a small sample? Why?

Suppose a large sample of convenience is selected and then a simple random sample

is selected from the sample of convenience.

(a) Is this a probability sample? Why?

(b) Does this sampling plan remove any of the concerns about making inferences
about the target population from the sample of convenience? Why?

How many simple random samples of size n = 50 can be selected from a population
when the population contains

(a) N = 100 units?

(b) N = 150 units?

(¢) N = 250 units?

(d) N = 500 units?

What is a stratum in a target population?

When is it appropriate to use

(a) a simple random sample to draw a sample from a population.

(b) a stratified random sample draw a sample from a population.

(c) acluster random sample to draw a sample from a population.

(d) a systematic random sample to draw a sample from a population.

(e) a stratified systematic random sample to draw a sample from a population.
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Which sampling plan should be used when

(a) there are well-defined subpopulations in the target population that need to be
represented in the sample?

(b) information is needed on a small but important subset of the target population?

(c) the units in the population are homogeneously distributed?

(d) the units in the population are heterogeneously distributed?

Determine the appropriate sampling plan for each of the following scenarios:

(a) An American Red Cross blood center plans on sampling their inventory of stored
blood for a quality control study on each of the four types of blood.

(b) A pharmacist plans on selecting a sample of their Lipitor inventory from a large
container of Lipitor pills and needs to sample n = 100 Lipitor pills.

(c) A researcher must select, without bias, a sample of n = 500 individuals from a
large pool of volunteers so that there is nearly equal information on four different
ethnicities.

(d) The Department of Health in a particular state is studying the height and weight
distributions of 10-year-old children. The sampling frame for this study consists
of a list of elementary schools and home school associations in the state.

(e) A researcher must select, without bias, a sample of n = 50 individuals from a
large pool of volunteers so that there is nearly equal information on men and
women.

Determine the sampling plan used in each of the following studies:

(a) In a study on head injuries reported in the article “Helmet use and risk of head
injuries in Alpine skiers and snowboarders” published in the Journal of the
American Medical Association (Sulheim et al., 2005), the author sampled every
10th skier in line at the ski lifts at a ski resort every Wednesday and Sunday
during the winter months.

(b) In a study on the hepatitis B and C viruses reported in the article “Frequency
of vaccine-related and therapeutic injections—Romania, 1998 published in
the Morbidity and Mortality Weekly Report (1998) the authors sampled 300
households and surveyed each of the residents in a household.

(¢) In a study on secondhand smoking reported in the article “Exposure to sec-
ondhand smoke among students aged 13-15 years—worldwide, 2000-2007”
published in the Morbidity and Mortality Weekly Report (2007), the authors
collected sample data from participating schools by randomly selecting classes
within a school and then surveying each of the students in the class.

(d) In a study of tuberculosis reported in the article “Tuberculin skin test screening
practices among US colleges and universities” published in the Journal of the
American Medical association (Hennessey et al., 1998), the authors randomly
selected and surveyed 263 2-year colleges and 361 4-year universities.

How does a simple random cluster sample differ from a simple random sample?
How does a systematic sample differ from a simple random sample?

What is the special condition that must be investigated before using a systematic
sample?

Under what conditions would it make sense to use a stratified
(a) cluster sample? (b) systematic sample?
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Which sampling plan should be used to sample a population that is known to have a
bimodal distribution? Why?

For a population consisting of N = 5000 units, determine the sample size that will
result from using a

(a) 1in 20 systematic random sample.

(b) 1 in 40 systematic random sample.

(¢) 1in 100 systematic random sample.

A systematic random sample is to be used to select a sample from a population con-
sisting of N = 12,000 units. Determine the sampling interval for a 1 in k systematic
random sample when the desired sample size is

(a) 25. (b) 40.

(c) 50. (d) 100.

Determine the starting unit that would be sampled for each of the systematic random
samples in Exercise 3.26.

Draw a simple random sample of n = 50 units from the
(a) the Coronary Heart Disease data set.
(b) the Exerbike data set.

Draw a simple random sample of n = 60 units from the
(a) the Body Fat data set.
(b) the Mammography Experience data set.

Using the Birth Weight data set, draw a stratified random sample of

(a) 30 mothers who smoked during pregnancy and 30 mothers who did not smoke
during pregnancy.

(b) 15 units from each of the three races represented in this data set.

Using the Body Fat data set as the sampling frame, select a systematic random sample
of

(a) n = 25 units.

(b) n = 50 units.

How can an approximate value of the standard deviation be determined prior to
sampling a target population?

Determine a reasonable estimate of the standard deviation when

(a) the expected range of a mound-shaped distribution is 80.

(b) the expected range of a mound-shaped distribution is 5.

(¢) when several previous studies on the same target population found the estimated
standard deviation to be 20.

Why is the bound on the error of estimation an important number?

Why is it important to have a prespecified bound on the error of estimation in
developing a well-designed sampling frame?

Determine the sample size required for a simple random sample to attain the
prespecified bound on the error of estimation for estimating a mean when

(a) N =7500,0 ~ 30,and B = 1.2.

(b) N =1500,0 ~ 3,and B = 0.2.
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(¢) N =12500,0 ~ 200, and B = 5.
(d) N =2500,0 ~ 100, and B = 7.5.

Determine the cost of sampling in each part of Exercise 3.36 when the initial cost
involved with sampling the target population is $1000 and the cost of sampling a unit
is $3 per unit.

Determine the sample size required for a simple random sample to attain the prespec-
ified bound on the error of estimation for estimating a mean in each of the following
scenarios where the number of units in the target population is unknown.

(a) o ~30and B = 7.5.

(b) 0 ~2,and B = 0.35.

(¢) 0 ~ 100, and B = 6.

(d) 0 ~80,and B = 1.5.

Determine the cost of sampling in each part of Exercise 3.38 when the initial cost
involved with sampling the target population is $5000 and the cost of sampling a unit
is $10 per unit.

Determine the conservative sample size required for a simple random sample to
attain the prespecified bound on the error of estimation for estimating a proportion
when

(a) N = 5000 and B = 0.04.

(b) N = 50000 and B = 0.03.

(c) N =10000 and B = 0.04.

(d) N =12000 and B = 0.02.

Determine the conservative sample size required for a simple random sample to attain
the prespecified bound on the error of estimation for estimating a proportion when
N is unknown and

(a) B =0.03.
(b) B =0.025.
(¢c) B =0.04.
(d) B =0.01.

Determine the cost of sampling for each part in Exercise 3.41 when the initial cost
involved with sampling the target population is $25,000 and the cost of sampling a
unit is $20 per unit.

A pharmaceutical company has developed a new pill that will mitigate the pain suf-
fered during a migraine headache and needs to estimate the mean time it takes for the
pill to begin mitigating a migraine headache. A simple random sample of migraine
sufferers will be drawn from a large pool of volunteers for this study. If it is known
that the minimum time it will take for the pill to begin having an effect is 5 min and
the maximum time is 85 min, determine

(a) an estimate of the standard deviation o.

(b) the sample size required for estimating the mean time with a bound on the error

of estimation of 2 min.

(¢) cost of sampling when the initial cost is $500 and the cost per sampled unit is
$25.
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A hospital auditor has been asked to estimate the proportion of patient accounts in

which the hospital overcharged a patient during the last 25 years. If the auditor will

use a simple random sample to estimate this proportion, determine

(a) the sample size required for estimating the proportion with a bound on the error
of estimation of 0.035.

(b) the cost of sampling if the initial cost is $40,000 and the cost of sampling a record
is $5.

What are two different allocation plans that can be used in a stratified random
sample?

How do the proportional and optimal allocation plans differ for a stratified random
sample?

Suppose that the target population has N = 12, 000 units distributed over three strata.

If the number of units in the three strata are N; = 4000, N, = 5000, and N; = 3000,

determine the

(a) sampling proportions for a stratified random sample selected using proportional
allocation.

(b) strata sample sizes for a proportional allocation sample when the overall sample
size is to be n = 250.

(c) the cost of sampling when the initial cost is Cy, = $5000 and the costs associated
with sampling a unit from each of stratum are C; = $5,C, = $5, and C; = $10.

Using the information in Table 3.10 to determine the

(a) sampling proportions for a stratified random sample selected using proportional
allocation.

(b) sample size that will produce a bound on the error of estimation for estimating
the mean of B = 3.

(c) proportional allocation for the sample size in part (b) (i.e., the strata sample
sizes).

TABLE 3.10 Population Information on Three
Strata for Exercise 3.48

Stratum N SD Cost

1 6,000 20 4

2 5,000 25 2.50

3 4,000 15 6
15,000

TABLE 3.11 Population Information on Three
Strata for Exercise 3.49

Stratum N SD Cost
1 30,000 10 14
2 50,000 25 10
3 20,000 15 16

100,000
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TABLE 3.12 Population Information for Regis-
tered Nurses having 2-year and 4-year Degrees for
Exercise 3.50

Degree N SD Cost

2-Year 12,000 20 10

4-Year 8000 30 10
20,000

TABLE 3.13 Population Information for Public
and Private Hospitals for Exercise 3.51

Hospital N SD Cost

Public 15,000 2 15

Private 10,000 4 18
25,000

(d) cost of sampling when the initial cost is Cy = $7, 500, and the cost of sampling
in each stratum is C; = $4,C, = $2.50, and C; = $6.

Use Table 3.10 to answer the following questions concerning a stratified random

sample using optimal allocation. If the goal of this study is to estimate the mean of

the target population, determine

(a) the sampling proportions.

(b) the sample size that will have a total cost of $25,000 when the initial cost is
C, = $21,000.

(c) the allocation of the sample (i.e., strata sample sizes).

A state nursing association is studying the yearly overtime hours put in by registered

nurses employed at hospitals. Since a registered nurse can have either a 2-year or a

4-year degree in nursing, a stratified random sample will be used. The goal of this

study is to estimate the mean of yearly overtime hours put in by a registered nurse

employed at a hospital. Using Table 3.12, determine

(a) the sampling proportions for a stratified random sample using optimal
allocation.

(b) the sample size required to have a bound on the error of estimation for estimating
the mean of B = 5.

(c) the strata sample sizes.

(d) the cost associated with this sampling plan if the initial cost of sampling is Cy =
$5000.

An insurance company is interested in estimating the mean length of hospital stay
following heart bypass surgery. A stratified random sample of public and private hos-
pitals will be used for estimating the mean length of hospital stay following a heart
bypass surgery. Suppose there is $15,000 available for the total cost of sampling,
and the initial setup cost of sampling is C, = $10, 000. Use Table 3.13 to determine
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TABLE 3.14 Sampling Information on AMA Surgeons
and Nonsurgical Doctors

Type of Doctor N SD Cost

Surgeon 20,000 2 20

Nonsurgical 80,000 5 10
100,000

(a) the optimal allocation sampling proportions.

(b) the sample size for a stratified sample using optimal allocation that produces the
smallest bound on the error of estimation.

(c) the strata sample sizes.

The American Medical Association (AMA) wishes to estimate the mean number

of hours per week surgeons and nonsurgical doctors work, and a stratified random

sample using optimal allocation will be used for estimating the mean. Suppose that

a bound on the error of estimation of B = 0.5 is desired, and the initial setup cost of

sampling is C;, = $6000. Use Table 3.14 to determine

(a) the optimal allocation sampling proportions.

(b) the sample size for a stratified sample using optimal allocation that produces the
smallest total cost for the desired bound on the error of estimation.

(c) the strata sample sizes.

(d) the total cost of sampling.

Using the information in Table 3.14, determine the optimal allocation

(a) sampling proportions for estimating the proportion of doctors who work at least
30 hours per week.

(b) sample size for a stratified random sample selected using optimal allocation that
produces the smallest cost for a bound on the error of estimation of B = 0.035.

(c) strata sample sizes.

(d) the cost of sampling when the initial cost of sampling is Cy, = $2500.

For estimating the mean of a population, a systematic random sample is to be

selected. If the number of units in the population is N = 10000 and the standard

deviation of the population is approximately o ~ 30, determine

(a) the sample size required to have a bound on the error of estimation of B = 4.

(b) the sampling interval k.

(c) the cost of sampling if the initial cost of sampling is C, = $500 and the cost of
sampling a unit is $1.50.

For estimating a proportion in a population, a systematic random sample is to be

selected. If the number of units in the population is N = 25000, determine

(a) the conservative sample size if the bound on the error of estimation is to be
B = 0.035.

(b) the sampling interval k.

(c) the cost of sampling if the initial cost of sampling is C, = $250 and the cost of
sampling a unit is $0.80.

One of the several large federal facilities that are used to store the current version
of the flu vaccine is to be sampled in a quality control investigation. A systematic
sample will be used to estimate the proportion of damaged or improperly sealed
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vials of the flu vaccine. If the facility contains N = 100000 vials of the flu vaccine,

determine

(a) the number of vials to be sampled if the desired bound on the error of estimation
is B = 0.025

(b) the sampling interval k.

(c) the cost of sampling when C, = $9000 and the cost of sampling each unit is $25.



CHAPTER 1

SUMMARIZING RANDOM SAMPLES

THE DISCIPLINE of statistics is concerned with making inferences about
populations in the presence of uncertainty. The reason there is uncertainty in a statistical
inference is that a statistical inference is based on a sample rather than a census of the
entire population. That is, a census is required to find the true values of the population
parameters, and since a statistic is simply a quantity that is computed from a sample
drawn from the target population, the value of a parameter cannot be determined from the
information contained in a sample. Furthermore, since a sample contains only a portion of
the target population, a statistic will only be a reliable estimate of the value of an
unknown parameter when the sampled portion of the population is truly representative of
the entire population. Thus, it is critical that statistics are only computed from a sample
collected from a well-designed sampling plan.

Statistical methods for estimating the unknown values of the population parameters
for a univariate or a multivariate population will be discussed in this chapter. In particular,
the two types of statistics discussed in this chapter are graphical statistics that result in
plots, charts, or graphs to display the summarized sample information and numerical
statistics that result in numbers that can be used to summarize a sample, estimate
parameters, or test hypotheses concerning an unknown parameter.

Finally, the main emphasis of this chapter is the correct use and interpretation of a
statistic. The formulas for computing the values of each of the statistics discussed in this
chapter are presented and their use illustrated, but in most cases it is recommended that a
statistical computing package be used when computing the values of the statistics.

4.1 SAMPLES AND INFERENTIAL STATISTICS

Recall, that a statistic is rule that depends only on the sample and known values. Thus,
statistics are based on samples and can be used only to estimate the unknown parameters
from the sample data. Parameters, on the other hand, are based upon a complete census of
a population. The goal of a statistical analysis is to use the information contained in the
observed sample to find out as much information about the target population as possible
by estimating the unknown parameters of the target population. Also, since a parameter
is only a numerical summary of a characteristic of the target population, to determine the
parameters that are meaningful in a biomedical research study, the distribution of the target
population must also be estimated.

Applied Biostatistics for the Health Sciences, Second Edition. Richard J. Rossi.
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CHAPTER 4 SUMMARIZING RANDOM SAMPLES

A well-planned statistical analysis will address each of the components described
below.

THE COMPONENTS OF A STATISTICAL ANALYSIS

A proper statistical analysis consists of the 5. A well-designed sampling plan that uti-
following basic research components: lizes a probability sample that will pro-
duce a sample that is representative of
the target population. In the sampling
plan, the sample size n must be deter-

1. A set of well-posed research questions
proposed by the research team.

2. A well-defined target population that is mined so that the statistics computed
relevant to the research questions that from the observed sample will be accu-
will be sampled. rate and reliable.

3. A set of variables that will be measured 6. A well-designed statistical analysis that
on the units that are sampled including explicitly outlines the statistical methods
a response variable, demographic vari- that will be used in analyzing the sample
ables, and explanatory variables. The data.
demozmpils vEREbED siumlll b2 eie- 7. A summary of the statistical analysis

sen to control for the effects of variables

along with the appropriate measures of
external to the study. : .

the reliability for the statistical analysis.

4. A set of parameters in the target popula- The measures of reliability are impor-
tion that will be estimated. The param- tant because they provide a measure of
eters must provide relevant information how accurate the statistical inferences
about the answers to the research ques- are expected to be.
tions.

Note that each of the eight components of a statistical analysis is to be carried out
before the observed sample is collected. Furthermore, the details of the first six components
are often developed in an iterative process. For example, in many biomedical studies the
original questions of interest are often too broad and in order to have a plausible study must
be revised to narrow the research goals. In any case, extensive planning is key to a valid
scientific study and an appropriate statistical analysis.

INFERENTIAL GRAPHICAL STATISTICS

Once the sample data have been collected, the first step in a statistical analysis is often
to examine some descriptive graphical statistics. Graphical statistics are typically used for
estimating the shape of a distribution, for describing the tails of a distribution, for estimating
the number of modes in the distribution, for estimating the typical values and the spread
of the distribution, and for suggesting a plausible probability model for the population
distribution. Note that the appropriate graphical statistic for summarizing a sample will
depend on the type of data that is collected. That is, there are graphical statistics that can
be used for summarizing qualitative and quantitative data. The graphical statistic chosen
to summarize a sample also depends on the particular goals and objectives of a research
project.

4.2.1 Bar and Pie Charts

In the case of qualitative or discrete data, the graphical statistics that are most often used
to summarize the data in the observed sample are the bar chart and the pie chart since the
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important parameters of the distribution of a qualitative variable are population proportions.
Thus, for a qualitative variable the sample proportions are the values that will be displayed
in a bar chart or a pie chart.

In Chapter 2, the distribution of a qualitative variable was often presented in a bar
chart in which the height of a bar represented the proportion or the percentage of the popu-
lation having each quality the variable takes on. With an observed sample, bar charts can be
used to represent the sample proportions or percentages for each of the qualities the variable
takes on and can be used to make statistical inferences about the population distribution of
the variable.

There are many types of bar charts including simple bar charts, stacked bar charts,
and comparative side-by-side bar charts. An example of a simple bar chart for the weight
classification for babies, which takes on the values normal and low, in the Birth Weight
data set is shown in Figure 4.1.

Note that a bar chart represents the category percentages or proportions with bars of
height equal to the percentage or proportion of sample observations falling in a particular
category. The widths of the bars should be equal and chosen so that an appealing chart is
produced. Bar charts may be drawn with either horizontal or vertical bars, and the bars in a
bar chart may or may not be separated by a gap. An example of a bar chart with horizontal
bars is given in Figure 4.2 for the weight classification of babies in the Birth Weight data
set.

In creating a bar chart it is important that

1. the proportions or percentages in each bar can be easily determined to make the bar
chart easier to read and interpret.

2. the total percentage represented in the bar chart should be 100 since a distribution
contains 100% of the population units.

3. the qualities associated with an ordinal variable are listed in the proper relative order!
With a nominal variable the order of the categories is not important.

4. the bar chart has the axes of the bar chart clearly labeled so that it is clear whether
the bars represent a percentage or a proportion.

5. the bar chart has either a caption or a title that clearly describes the nature of the bar
chart.

Bar chart of birth weights classified as normal or low

70

60

501

40

Percent

30
20

101

Normal Low
Birth weight

Figure 4.1 Bar chart for the weight classification for babies in the Birth Weight data set.
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Low |

Birth weight

Normal {

0 10 20 30 40 50 60 70
Percent within all data Percent

Figure 4.2 A horizontal bar chart for the birth weight data.

Because bar charts are often used for comparing two or more populations, it is not a
good idea to use bars that reflect the frequency of a category. The proportion or percentage
of the sample belonging to each of the categories should always be used in a comparative
bar chart. That is, the percentage or proportion of the sample falling in a category does not
depend on the sample size, whereas the frequency of a category strongly depends on the
sample size. Also, since the heights of the bars in a bar chart are meant to provide estimates
of the percentage or proportion of the population having a quality, the heights of the bars
should not represent the frequency of a quality.

Comparative bar charts are often useful when the distribution of two or more
populations is being compared. In particular, when a population contains well-defined sub-
populations it is often useful to have a bar chart for each of the subpopulations. The two
most commonly used comparative bar charts are the side-by-side bar chart and the stacked
bar chart. Examples of the side-by-side and stacked bar charts are given in Figures 4.3 and
4.4.

When a qualitative variable has only two possible categories, a stacked bar chart can
often be used to make quick comparisons between the percentages of each category for the
two subpopulations; however, when a qualitative variable has several categories, a stacked
bar chart is often harder to interpret than a side-by-side bar chart. Therefore, stacked bar
charts should rarely be used. In fact, a stacked bar chart should be used only when the
chart clearly shows that there are significant differences between the subpopulations being
compared.

Example 4.1
The bar chart given in Figure 4.5 is based on the Birth Weight data set and a comparison of
the relationship between a mother’s smoking status during pregnancy and a baby’s birth weight
classification.

Use this bar chart to estimate the

a. percentage of low-weight babies for mothers who smoked during pregnancy.
b. percentage low-weight babies for mothers who did not smoke during pregnancy.
Solutions Based on the bar chart

a. the estimate of the percentage of low-weight babies for mothers who smoked during pregnancy
is about 40.

b. the estimate of the percentage of low-weight babies for mothers who did not smoke during
pregnancy is about 25.
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Sample percentages of normal and low birth
weights for smokers and nonsmokers

80 1
70
60+
501
40

Percent

30+
20+
10

0-
Weight Low  Normal Low  Normal
SMOKER No Yes

Figure 4.3 An example of a side-by-side bar chart.

Sample percentages of low and normal
birth weights for smokers and nonsmokers

Weight
W Low
[ Normal

100 1

80 1

60 1

Percent

40 1

20 1

0

SMOKER No Yes

Figure 4.4 An example of a stacked bar chart.

80
70+
60
50+
40+
30

Percent

20+

101

0
Weight Low Normal Low  Normal
SMOKE No Yes

Figure 4.5 A bar chart for mother’s smoking status and baby’s weight classification.
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Stroke Category
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Figure 4.6 Pie chart showing the leading causes of death among women in 2003.

An alternative graphical statistic that can also be used to summarize the distribution
of a qualitative variable is the pie chart. A pie chart conveys the same information as a bar
chart. A pie chart is constructed by determining the percentage or proportion of the sample
in each of the categories of a qualitative variable, and then slicing the pie into areas that
are proportional to percentages observed in the categories. An example of a pie chart is
provided in Figure 4.6 that shows the leading causes of death among women in the year
2003 according to the U.S. Department of Health Services.

Note that when subpopulations are being studied, pie charts for each of the subpop-
ulations can be placed along side each other for comparison. One problem inherent to pie
charts is that when the variable has a large number of categories some of the slices in the
pie chart will become very small making the pie chart hard to read. Furthermore, small pie
slices can be hard to label clearly. In any case, the percentages being represented by the
slices of the pie should be included in the pie chart or provided in a companion table make
it easier to interpret the information contained in the sample.

4.2.2 Boxplots

One of the most commonly used graphical statistics for estimating the distribution of a
quantitative variable is the boxplot. A boxplot, also called a box and whisker plot, is a
graphical statistic that can be used to summarize the observed sample data and can provide
useful information on the shape and the tails of the popul